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Abstract Let X be a metric space with doubling measure and L a nonnegative self- 
adjoint operator in L 2 (X) satisfying the Davies-Gaffney estimates. Let ip : X x [0, oo) — > 
[0,oo) be a function such that (p(x, •) is an Orlicz function, (p(-,t) E Aoo(X) (the class of 
uniformly Muckenhoupt weights), its uniformly critical upper type index I((p) S (0, 1] and 
it satisfies the uniformly reverse Holder inequality of order 2/ [2 — I{f)]. In this paper, 
the authors introduce a Musielak-Orlicz-Hardy space H v ^l(X), by the Lusin area function 
associated with the heat semigroup generated by L, and a Musielak- Orlicz BMO-type 
space BMO Pi l(A'), which is further proved to be the dual space of H v ^l(X) and hence 
whose t/3-Carleson measure characterization is deduced. Characterizations of H Vt L(X), 
including the atom, the molecule and the Lusin area function associated with the Poisson 
semigroup of L, are presented. Using the atomic characterization, the authors characterize 
H V: l{X) in terms of the Littlewood-Paley (^-function L and establish a Hormander- 
type spectral multiplier theorem for L on H V: l(X). Moreover, for the Musielak-Orlicz- 
Hardy space if Vj i(R ra ) associated with the Schrodinger operator L := —A + V, where 
< V G Ll oc (M. n ), the authors obtain its several equivalent characterizations in terms 
of the non-tangential maximal function, the radial maximal function, the atom and the 
molecule; finally, the authors show that the Riesz transform VL~ X / 2 is bounded from 
H VtL {W l ) to the Musielak-Orlicz space L^(R") when i(cp) e (0,1], and from H v>L (R n ) 
to the Musielak-Orlicz-Hardy space H^iW 1 ) when i(ip) G 1], where i(ip) denotes the 

uniformly critical lower type index of tp. 

Contents 

1 Introduction 2 

2 Preliminaries 10 

2.1 Metric measure spaces 10 

2.2 Assumptions on operators L 11 



2010 Mathematics Subject Classification. Primary: 42B35; Secondary: 42B30, 42B25, 42B20, 35J10, 
46E30, 47B38, 47B06. 

Key words and phrases, metric measure space, nonnegative self-adjoint operator, Schrodinger operator, 
Musielak-Orlicz-Hardy space, Davies-Gaffney estimate, atom, molecule, maximal function, dual space, 
spectral multiplier, Littlewood-Paley function, Riesz transform. 

The first author is supported by the National Natural Science Foundation (Grant No. 11171027) of 
China and Program for Changjiang Scholars and Innovative Research Team in University of China. 



1 



2 



Dachun Yang and Sibei Yang 



2.3 Growth functions 12 

2.4 Some basic properties on growth functions 14 

3 Musielak-Orlicz tent spaces T V {X x (0, oo)) 16 

4 Musielak-Orlicz-Hardy spaces H (Pt i J (X) and their duals 20 

4.1 Decompositions into atoms and molecules 22 

4.2 Dual spaces of H^^iX) 31 

5 Equivalent characterizations of H^^^X) 37 

5.1 Atomic and molecular characterizations 38 

5.2 The Lusin area function characterization 39 

6 Applications 40 

6.1 Boundedness of Littlewood-Paley g- functions <?£ 41 

6.2 Boundedness of Littlewood-Paley ^-functions g* x L 43 

6.3 Boundedness of spectral multipliers 48 

7 Applications to Schrodinger operators 51 



1 Introduction 

The real- variable theory of Hardy spaces on the n-dimensional Euclidean space M. n , 
initiated by Stein and Weiss [88], plays an important role in various fields of analysis 
(see, for example, [41, 87, 72, 83]). It is well known that the Hardy space H p (M. n ) when 
p G (0, 1] is a suitable substitute of the Lebesgue space L p (R n ); for example, the classical 
Riesz transform is bounded on H p (W l ), but not on L p (R ra ) when p G (0, 1]. Moreover, the 
practicability of H p (R n ) with p G (0, 1], as a substitute for L p (R n ) with p G (0, 1], comes 
from its several equivalent real-variable characterizations, which were originally motivated 
by Fefferman and Stein in their seminal paper [41]. Among these characterizations, a 
very important and useful characterization of the Hardy spaces H p (M. n ) is their atomic 
characterizations, which were obtained by Coifman [22] when n = 1 and Latter [67] when 
n > 1. Moreover, a direct extension of the atomic characterization of the Hardy spaces is 
the molecular characterization established by Taibleson and Weiss [91]. 

On the other hand, as a natural generalization of L p (M. n ), the Orlicz space was intro- 
duced by Birnbaum-Orlicz in [9] and Orlicz in [77], which has extensive applications in 
several branches of mathematics (see, for example, [79, 80, 71, 55, 48] for more details). 
Moreover, the Orlicz-Hardy space, introduced and studied in [89, 56, 92], is also a suitable 
substitute of the Orlicz space in the study of the boundedness of operators (see, for exam- 
ple, [89, 56, 92, 60, 58, 57]). Furthermore, weighted local Orlicz-Hardy spaces and their 
dual spaces were also studied in [94]. All theories of these function spaces are intimately 
connected with the Laplace operator A := Y^=i 1^? on 

Recall that the classical BMO space (the space of functions with bounded mean oscilla- 
tion) is originally introduced by John and Nirenberg [61] to solve some problems in partial 
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differential equations. Since Fefferman and Stein [41] proved that BMO(M n ) is the dual 
space of H l (W l ), the space BMO(R n ) plays an important role in not only partial differ- 
ential equations but also harmonic analysis (see, for example, [35, 41] for more details). 
Moreover, the generalized space BMO p (IR n ) was introduced and studied in [89, 56, 92, 47] 
and it was proved therein to be the dual space of the Orlicz-Hardy space H^(M. n ), where 

denotes the Orlicz function on (0,oo) and p(t) := t~ l /&~ l (t~ l ) for all t G (0,oo). Here 
and in what follows, <J> _1 denotes the inverse function of $. 

Recently, Ky [63] introduced a new Musielak-Orlicz-Hardy space, H lfi (M Tl ), via the 
grand maximal function, which contains both the Orlicz-Hardy space in [89, 56] and the 
weighted Hardy space H^iW 1 ) with oo G A OQ (R n ) in [44, 90] as the spacial cases. Here, 
<p : lR n x [0, oo) —7- [0, oo) is a function such that (f(x, •) is an Orlicz function of uni- 
formly upper type 1 and lower type p for some p G (0, 1] (see Section 2 below for the 
definitions of uniformly upper or lower types), and ip(-,t) is a Muckenhoupt weight, and 
A q (R n ) with q G [l,oo] denotes the class of Muckenhoupt 's weights (see, for example, 
[43, 44, 46] for their definitions and properties). Moreover, the Musielak-Orlicz BMO- 
type space BMO^(IR ra ) was also introduced and further proved to be the dual space of 
Hp(M. n ) in [63] by using the atomic characterization of H^(M. n ) established in [63]. Fur- 
thermore, some interesting applications of the spaces H (f (M. n ) and BMO^(IR ra ) were given 
in [11, 13, 14, 63, 64, 65, 66]. Moreover, the radial and the non-tangential maximal func- 
tions characterizations, the Littlewood-Paley function characterization and the molecular 
characterization of i^(R n ) were obtained in [69, 54]. As an application of the Lusin area 
function characterization of H ip (R n ), the 99-Carleson measure characterization of the space 
BMO^,(IR ra ) was obtained in [54]. Furthermore, the local Musielak-Orlicz-Hardy space and 
its dual space were studied in [97]. It is worth pointing out that Musielak-Orlicz functions 
are the natural generalization of Orlicz functions (see, for example, [31, 32, 63, 73, 76]) 
and the motivation to study function spaces of Musielak-Orlicz type is attributed to their 
extensive applications to many branches of physics and mathematics (see, for example, 
[11, 12, 13, 14, 31, 32, 63, 64, 68] for more details). 

In recent years, the study of function spaces associated with different operators inspired 
great interests (see, for example, [6, 7, 8, 35, 36, 37, 51, 52, 53, 57, 58, 59, 60, 86, 93] and 
their references). More precisely, Auscher, Duong and Mcintosh [6] initially studied the 
Hardy space H^M! 1 ) associated with the operator L whose heat kernel satisfies a pointwise 
Poisson upper bound estimate. Based on this, Duong and Yan [36, 37] introduced the 
BMO-type space BMO^M™) associated with L and proved that the dual space of H^W 1 ) 
is just BMOj> (R ra ), where L* denotes the adjoint operator of L in L 2 (IR ra ). Moreover, Yan 
[93] further generalized these results to the Hardy space H^(M. n ) with p G (0, 1] close to 1 
and its dual space. Also, the Orlicz-Hardy space and its dual space associated with such 
an L were studied in [60]. 

Moreover, Hofmann and Mayboroda [52] and Hofmann et al. [53] introduced the Hardy 
and Sobolev spaces associated with a second order divergence form elliptic operator L on 
R n with bounded measurable complex coefficients and these operators may not have the 
pointwise heat kernel bounds, and further established several equivalent characterizations 
for these spaces and studied their dual spaces. Meanwhile, the Orlicz-Hardy space and 
its dual space associated with L were independently studied in [58]. Furthermore, Orlicz- 
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Hardy spaces associated with a second order divergence form elliptic operator on the 
strongly Lipschitz domain of M n were studied in [95, 96]. It is worth pointing out that 
the strongly Lipschitz domain of M. n is a special space of homogeneous type in the sense 
of Coifman and Weiss [25]. Recall that the Hardy spaces on strongly Lipschitz domains 
associated with the Laplace operator having some boundary conditions were originally 
and systematically studied by Chang et al. in [16, 17, 18, 19] and Auscher et al. [8]. 

On the other hand, the Hardy space associated with the Schrodinger operator —A + V 
was studied in [39, 40], where the nonnegative potential V satisfies the reverse Holder 
inequality (see, for example, [44, 46] for the definition of the reverse Holder inequality). 
More generally, for nonnegative self-adjoint operators L satisfying the Davies-Gaffney 
estimates, Hofmann et al. [51] studied the Hardy space H\(X) associated with L and its 
dual space on a metric measure space X, which was extended to the Orlicz-Hardy space 
in [57]. As a special case of this setting, several equivalent characterizations and some 
applications of the Hardy space Hj^iW 1 ) and the Orlicz-Hardy space H$ t i,(M. n ) associated 
with the Schrodinger operator L := — A + V were, respectively, obtained in [51] and [57], 
where < V G L\ oc (W 1 ). Moreover, Song and Yan [86] studied the weighted Hardy space 
L (M. n ) associated with the Schrodinger operator L, where oo G AiiW 1 ). Very recently, 
some special Musielak-Orlicz-Hardy spaces associated with the Schrodinger operator L := 
— A + V on M. n , where the nonnegative potential V satisfies the reverse Holder inequality 
of order n/2, were studied by Ky [65, 66] and further applied to the study of commutators 
of singular integral operators associated with the operator L. 

Let X be a metric measure space, L a nonnegative self-adjoint operator on L 2 (X) 
satisfying the Davies-Gaffmey estimates, and E(X) the spectral resolution of L. For any 
bounded Borel function m : [0, oo) — > C, by using the spectral theorem, it is well known 
that the operator 

(1.1) m(L) : = / m(\)dE(\) 

Jo 

is well defined and bounded on L 2 (X). It is an interesting problem to find some sufficient 
conditions on m and L such that m(L) in (1.1) is bounded on various function spaces on 
X, which was extensively studied (see, for example, [2, 3, 10, 21, 33, 38, 78, 30] and their 
references). Specially, Duong and Yan [38] proved that m{L) is bounded on the Hardy 
space H P L (X), with p G (0, oo), associated with L when X is a metric space with doubling 
measure and the function m satisfies a Hormander-type condition. 

Throughout the whole paper, let X be a metric space with doubling measure fi and L 
a nonnegative self-adjoint operator in L 2 (X) satisfying the Davies-Gaffney estimates. Let 
ip : X x [0, oo) —7- [0, oo) be a growth function as in Definition 2.4 below, which means that 
<p(x, •) is an Orlicz function (see Section 2.3 below), f(-,t) G A 00 (A') (the class of uniformly 
Muckenhoupt weights in Definition 2.3 below), and its uniformly critical upper type index 
I((p) G (0,1] (see (2.10) below). Moreover, we always assume that (p G KH2/[2-/(^)] (^) 
(see Definition 2.3 below). A typical example of such a (p is 

(1.2) f(x,t) := oj(x)<$>(t) 

for all x £ X and t G [0, oo), where oj G A 00 (X) (the class of Muckenhoupt weights) and 
$ is an Orlicz function on [0, oo) of upper type p\ G (0, 1] and lower type p2 G (0, 1] (see 
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(2.9) below for the definition of types). Let xo G X. Another typical and useful example 
of the growth function ip is 

(1.3) <p(x,t):= 



[ln(e + d{x,x W + [ln(e + t)]T 

for all x G X and t G [0,oo) with some a G (0, 1], /? G [0,n) and 7 G [0,2a(l + In 2)] (see 
Section 2.3 for more details). It is worth pointing out that such a function ip naturally 
appears in the study of the pointwise multiplier characterization for the BMO-type space 
on the metric space with doubling measure (see [74]). 

Motivated by [51, 57, 38, 63], in this paper, we study the Musielak-Orlicz-Hardy space 
H<p,L,{X) and its dual space. More precisely, for all / G L 2 (X) and x G X, define 




(1.4) S L (f)(x) := { I t 2 Le' t2L f(y) 



x 1/2 

2 d/j,(y) dt I 



V(x,t)t 



here and in what follows, T(x) := {(y,t) G X x (0, 00) : d(x,y) < t}, d denotes the 
metric on X, B(x,t) := {y G X : d(x,y) < t}, /x denotes the nonnegative Borel regular 
measure on X and V(x,t) := /j,(B(x,t)). The Musielak-Orlicz-Hardy space R^^^X) is 
then defined to be the completion of the set {/ G H 2 (X) : Sl(/) G LP^X)} with respect 
to the quasi-norm 

h ViL (X) ■= WSlWU'W :=mf{AG (0,oo) : J^^^M^j d»(x) < l} , 

where H 2 (X) := R(L) and R(L) denotes the closure of the range of L in L 2 (X). 

In this paper, we first establish the atomic decomposition of H^^l^X) and further ob- 
tain its molecular decomposition. Using the atomic and the molecular decompositions 
of Hp^iX), we then prove that its dual space is the Musielak-Orlicz BMO-type space 
BMO ft i(^), which is characterized by the (/9-Carleson measure, and further establish the 
atomic and the molecular characterizations of H Vj l(X). We also obtain another charac- 
terization of H<_p^l(X) via the Lusin area function associated with the Poisson semigroup of 
L. As applications, by using the atomic characterization, we prove that Littlewood-Paley 
functions gi and g\ L are bounded from H iPt i J (X) to the Musielak-Orlicz space L^(X); as a 
corollary, we characterize H^^^X) in terms of the Littlewood-Paley ^-function g* x L . We 
further establish a Hormander-type spectral multiplier theorem for L on H^ t L(X) by using 
the atomic and the molecular characterizations of H v ,^l(X). As further applications, we 
obtain several equivalent characterizations of the Musielak-Orlicz-Hardy space i?^ ^(M™) 
associated with the Schrodinger operator L := —A + V , where < V G L 1 1 oc (M n ), in 
terms of the Lusin-area function, the non-tangential maximal function, the radial max- 
imal function, the atom and the molecule. Finally, we show that the Riesz transform 
VL- 1 ' 2 is bounded from H VtL (R n ) to L^(R n ) when i(<p) G (0, 1] and from H VtL (R n ) to 
the Musielak-Orlicz-Hardy space H ip (M. n ) when i(ip) G (^j,l], where i(ip) denotes the 
uniformly critical lower type index of <p (see (2.11) below). 

The key step of the above approach is to establish the atomic (molecular) character- 
ization of the Musielak-Orlicz-Hardy space H^^X). To this end, we inherit a method 



6 



Dachun Yang and Sibei Yang 



used in [7, 58, 57]. We first establish the atomic decomposition of the Musielak-Orlicz tent 
space T^iX x (0, oo)) associated with ip, whose proof implies that if / G T^(X x (0, oo)) n 
T 2 (X x (0, oo)), then the atomic decomposition of / holds true in both T,n(X x (0, oo)) 
and T 2 (X x (0,oo)). We point out that in this paper, by the assumptions on L, we only- 
know that the Lusin area function Sl as in (1.4) is bounded on L 2 {X) (see (2.7) below). 
To prove that the atomic decomposition of / G T V (X x (0,oo)) n T 2 (X x (0, oo)) holds 
true in T 2 (X x (0, oo)) (see Corollary 3.5 below), we need the additional assumption that 
<p(-,t) for all t G [0, oo) belongs to the uniformly reverse Holder class MM 2 /[2-l(ip)](X). 
Then by the fact that the operator 7t$ ; l in (4.2) below is bounded from T$(X x (0, oo)) 
to L 2 (X), we further obtain the L 2 (X) -convergence of the corresponding atomic de- 
composition for functions in H^^l^X) n L 2 (X), since for all / G H^^^X) Pi L 2 (X), 
t 2 Le~ t2L f G T 2 (X x (0,oo)) n T V {X x (0,oo)). This technique plays a fundamental role 
in the whole paper. 

We remark that the method used to obtain the atomic characterization of the Musielak- 
Orlicz-Hardy space H V) l{X) in this paper is different from that in [86], but more close 
to the method in [54, 15, 57]. More precisely, in [86], the atomic characterization of the 
weighted Hardy space H^iW 1 ), associated with the Schrodinger operator L, was estab- 
lished by using the Calderon reproducing formula associated with L and a subtle de- 
composition of all dyadic cubes in R n . However, in this paper, we establish the atomic 
characterization of H iPt i,(X) by using the Calderon reproducing formula associated with L 
(see (4.14) below), the atomic decomposition of the Musielak-Orlicz tent space established 
in Theorem 3.1 below and some boundedness (see Proposition 4.6 below) of the operator 
tt*,l defined in (4.2) below. Moreover, we also point out that the notion of atoms in 
our atomic decomposition of the Musielak-Orlicz tent space is different from that in [15]. 
Since the weight also appears in the norm of atoms used by Bui and Duong [15] when 
establishing the atomic decomposition of elements in the weighted tent space, Bui and 
Duong [15] had to require the weight ui G A\(X) n RH 2 u 2 _ p \(X) in order to obtain the 
atomic decomposition of the weighted Hardy space L (X) with p G (0, 1] (see the proof 
of [15, Proposition 3.9] for the details). Instead of this, we do not use the weight in the 
norm of our T^{X x (0, oo))-atoms. Due to this subtle choice, we are able to relax the 
requirements on the growth function into p G A OQ (X)PiWH. 2 ^ 2 _j( ip ^(X), which essentially 
improves the results of Bui and Duong [15] even when <p is as in (1.2). 

Another important estimate, appeared in the approach of this paper, is that there exists 
a positive constant C such that, for any A G C and (p, M)-atom a adapted to the ball B 
(or any (ip, M, e)-molecule a adapted to the ball B), 



see Definitions 4.3 and 4.4 below for the notions of (ip, M)-atoms and (p, M, e)-molecules. 
A main difficulty to prove (1.5) is how to take Sl(\o.)(x) out of the position of the time 
variable of p. In [58, 57], to obtain (1.5) when p is as in (1.2) with co = 1, it was assumed 
that <3? is a concave Orlicz function on (0,oo). In this case, Jensen's inequality does the 
job. In the present setting, the spatial variable and the time variable of <p> are combinative, 
so Jensen's inequality does not work even when ip is concave about the time variable. To 



(1.5) 
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overcome this difficulty, we subtly use the properties of tp which are the uniformly upper 
Pi £ (0, 1] and lower type p2 £ (0, 1] (see the proof of (4.5) below). 

Precisely, this paper is organized as follows. In Section 2, we first recall some notions 
and notation on metric measure spaces and then describe some basic assumptions on the 
operator L studied in this paper. We also recall some notation, some examples and some 
basic properties concerning growth functions considered in this paper. 

In Section 3, we first recall some notions about tent spaces and then study the Musielak- 
Orlicz tent space T^(X x (0, oo)) associated with growth function <p. The main target of 
this section is to establish the atomic characterization for T^(X x (0, oo)) (see Theorem 
3.1 below). Assume further that ip £ REWp-Jfo)]^)- As a byproduct, we know that if 
/ £ T^{X x (0, oo)) n T^(X x (0, oo)), then the atomic decomposition of / holds true in 
both T V {X x (0, oo)) and T%(X x (0, oo)), which plays an important role in the remainder 
of this paper (see Corollary 3.5 below). We point out that Theorem 3.1 and Corollary 3.5 
completely cover [57, Theorem 3.1 and Corollary 3.1] by taking tp as in (1.2) with oj = 1 
and <!> concave. 

In Section 4, we first introduce the Musielak-Orlicz-Hardy space H^^l{X) and prove 
that the operator tt^ : l in (4.2) below maps the Musielak-Orlicz tent space T^X x (0, oo)) 
continuously into H iPt i(X) (see Proposition 4.6 below). By this and the atomic decompo- 
sition of Ttp(X x (0, oo)), we conclude that, for each / £ H^^l^X), there exists an atomic 
decomposition of / holding true in H^^l^X) (see Corollary 4.8 below). We should point 
out that to obtain the atomic decomposition of H^l(X), we borrow some ideas from 
[51, 57], and the estimate (1.5) is very important for this procedure. Via this atomic 
decomposition of H^^l^X), we further prove that the dual space of H^^i^X) is just the 
Musielak-Orlicz BMO-type space BMO^i^) (see Theorem 4.16 below). As an appli- 
cation of this duality, we establish the 99-Carleson measure characterization of the space 
BMO VjL (X) (see Theorem 4.19 below). 

We remark that when ip is as in (1.2) with oj = 1 and $ concave, the Musielak-Orlicz- 
Hardy space H tPt £ J (X) and the Musielak-Orlicz BMO-type space BMO Vi l(<Y) are respec- 
tively the Orlicz-Hardy space H^^(X) and the BMO-type space BMO P: l(X) introduced 
in [57]. 

In Section 5, by Proposition 4.9 and Theorem 4.16, we establish the equivalence be- 
tween H^^^X) and the atomic (resp. molecular) Musielak-Orlicz-Hardy space H^f at (X) 
(resp. H^£ ol (X)) (see Theorem 5.5 below). We notice that the series in H^ at (X) (resp. 

^moi(^)) i s required to converge in the norm of (BMO^l^))*, where (BMO^l^))* 
denotes the dual space of BMO^i(^); while in Corollary 4.8 below, the atomic decompo- 
sition holds true in H^^l^X). Applying its atomic characterization, we further characterize 
the Hardy space H v ^l{X) in terms of the Lusin area function associated with the Poisson 
semigroup of L (see Theorem 5.7 below). Observe that Theorems 5.5 and 5.7 completely 
cover [57, Theorems 5.1 and 5.2] by taking ip as in (1.2) with oj = 1 and $ concave. 

In Section 6, we give some applications of the Musielak-Orlicz-Hardy space H v ,^l(X) 
to the boundedness of operators. More precisely, in Subsection 6.1, we prove that the 
Littlewood-Paley (/-function gi is bounded from H Vj l(X) to the Musielak-Orlicz space 
LP^X) (see Theorem 6.3 below); in Subsection 6.2, we show that the ^-function g* x L is 
bounded from H iPt i(X) to ^(X) (see Theorem 6.7 below). As a corollary, we characterize 
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H(p,l{X) in terms of the ^-function g\ L (see Corollary 6.9 below). Observe that when 
X := R n and L := —A, g^ L is just the classical Littlewood-Paley ^-function. Moreover, 
the range of A in Theorem 6.7 coincides with the corresponding result on the classical 
Littlewood-Paley ^-function on R ra in the case that ip is as in (1.2) with that oj G A q (M. n ), 
q G [l,oo), and $(t) := t p for all t G [0, oo), p G (0, 1] (see Remark 6.8 below). Thus, in 
some sense, the range of A in Theorem 6.7 is sharp, which is attributed to the use of the 
unweighted norm in our definition of tent atoms, appearing in the atomic decomposition of 
the tent space T V (X x (0, oo)). Finally, in Subsection 6.3, we establish a Hormander-type 
spectral multiplier theorem for m{L) as in (1.1) on H^^^X) (see Theorem 6.10 below). 
Let p G (0, 1]. We remark that Theorem 6.10 covers [38, Theorem 1.1] in the case that 
p G (0, 1] by taking <p(x,t) := t p for all x G R n and t G [0,oo). A typical example of the 
function m satisfying the condition of Theorem 6.10 is m(A) = A* 7 for all A G R and some 
real value 7, where i denotes the unit imaginary number (see Corollary 6.13 below). 

As applications, in Section 7, we study the Musielak-Orlicz-Hardy spaces H (P: l(M. ti ) 
associated with the Schrodinger operator L := —A + V, where < V G Lh (R n ). As an 
application of Theorems 5.5 and 5.7, we characterize H^^fW 1 ) in terms of the Lusin-area 
function associated with the Poisson semigroup of L, the atom and the molecule (see The- 
orem 7.2 below). Moreover, characterizations of H^^fW 1 ), in terms of the non-tangential 
maximal functions associated with the heat semigroup and the Poisson semigroup of L, the 
radial maximal functions associated with the heat semigroup and the Poisson semigroup 
of L, are also established (see Theorem 7.4 below). Observe that Theorem 7.4 completely 
covers [57, Theorem 6.4] by taking tp as in (1.2) with oj = 1 and satisfying that there 
exist qi, q2 G (0,oo) such that q± < 1 < 02 and [$(t 92 )] 91 is a convex function on (0, 00). 
Finally, we show that the Riesz transform VL -1 / 2 associated with L is bounded from 
H VtL (R n ) to L^(R n ) when i(<p) G (0, 1], and from i^ jL (R n ) to the Musielak-Orlicz-Hardy 
space H v (R n ) introduced by Ky [63] when i{ip) G (^,1] (see Theorems 7.11 and 7.15 
below). We remark that the boundedness of VL -1 / 2 from i^(R n ) to the classical Hardy 
space i7 1 (R n ) was first established in [51, Theorem 8.6] and that Theorems 7.11 and 7.15 
are respectively [57, Theorems 6.2 and 6.3] when <p is as in (1.2) with u = 1 and $ concave. 
We also point out that when n = 1 and tp(x, t) := t for all x G R™ and t G [0, 00), the Hardy 
space iJ (/ , i i(R ri ) coincides with the Hardy space introduced by Czaja and Zienkiewicz [28]; 
if L := — A + V with V belonging to the reverse Holder class RH g (R") for some q > n/2 
and n > 3, and tp(x, t) := t p with p G (^j, 1] for all x G R n and t G [0, 00), then the Hardy 
space H^^iiW 1 ) coincides with the Hardy space introduced by Dziubahski and Zienkiewicz 
[39, 40]. ' 

To prove Theorem 7.4 below, we borrow some ideas from the proof of [51, Theorem 
8.2]. To this end, via invoking the Caccioppoli inequality associated with L, the special 
differential structure of L itself and the divergence theorem, we first establish a weighted 
"good-A inequality" concerning the non-tangential maximal function Afp(f), associated 
with the Poisson semigroup of L, and the truncated variant of the Lusin area function 
Sp(f) in Lemma 7.8 below, which is a suitable substitute, in the present setting, of a 
distribution inequality concerning the non-tangential maximal function Mp{f) and the 
Lusin area function Sp(f), appeared in the proof of [51, Theorem 8.2] (see also [57, 
(6.5)]). We then use the Moser type local boundedness estimate from [51, Lemma 8.4] 
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(see also Lemma 7.9 below), which is the substitute of the classical mean value property for 
harmonic functions in this setting. Moreover, a more delicate estimate in (7.15) below than 
that used in the proof of [57, Theorem 6.4] is established, which leads us in Theorem 7.4 
below to remove the additional assumption, appeared in [57, Theorem 6.4], that there exist 
qi, q2 € (0, oo) such that q\ < 1 < q2 and [$(t 92 )] 91 is a convex function on (0, oo) even 
when ip is as in (1.2) with oj = 1. The proof of Theorem 7.11 is a skillful application of the 
atomic characterization of the Musielak-Orlicz-Hardy space H lfii L(W l ), a Davies-Gaffney 
type estimate (see [51, Lemma 8.5] or Lemma 7.10 below) and the L 2 (M n )-boundedness of 
the Riesz transform VL -1 / 2 . Furthermore, as an application of the atomic characterization 
of H^^lIW"") obtained in Theorem 7.2 and the atomic characterization of the Musielak- 
Orlicz-Hardy space H,p(M. n ) established by Ky [63, Theorem 3.1] (see also Lemma 7.14 
below), we obtain the boundedness of the Riesz transform VL -1 / 2 from H^l^W 1 ) to 
H^iW 1 ) in Theorem 7.15 below. More precisely, for any given atom a as in Definition 4.3 
below, we prove that 

j 

in L 2 (IR ra ), where, for each j, bj is a multiples of an atom introduced by Ky [63, Definition 
2.4]. Observe that the atom in Definition 4.3 below is different from the atom in [63, 
Definition 2.4] in that the norm of the atom in Definition 4.3 is not weighted, but the 
atom introduced by Ky [63, Definition 2.4] is weighted and, moreover, that, in the present 
setting, VL -1 / 2 is known to be bounded on L p (R. n ) only with p 6 (1,2]. Thus, in order 
to prove that, for each j, bj is a multiple of an atom as in [63, Definition 2.4], we need 
the assumption that q(tp) < 2 and r(ip) > 2/[2 — q(f)] (see (7.36) below for the details), 
where q{y>) and r(<p) are, respectively, as in (2.12) and (2.13) below. 

We remark that there exist more applications of the results in this paper. For example, 
motivated by [65, 64, 66], in a forthcoming paper, we will apply the Musielak-Orlicz-Hardy 
space H V! L(R n ) and the Musielak-Orlicz BMO-type space BMO ¥ , i z / (lR n ) associated with 
the Schrodinger operator L, introduced in this paper, to the study of pointwise multipli- 
ers on BMO-type space associated with the Schrodinger operator L and commutators of 
singular integral operators associated with the operator L. This is reasonable, since ip in 
(1.3) naturally appears in the study of these problems in [74, 75]. Moreover, motivated by 
[16, 18, 19, 17, 8], in another forthcoming paper, we will further establish various maximal 
function characterizations of the Musielak-Orlicz-Hardy space H v ^l(VL) on the strongly 
Lipschitz domain SI of W 1 associated with the Schrodinger operator L with some boundary 
conditions, which is a special case of the Musielak-Orlicz-Hardy space H (Pj l(X) introduced 
in this paper. 

After the first version of this paper was put on arXiv, we learned from Dr. Bui that, in 
[15], Bui and Duong also introduced the weighted Hardy space H P L U (X), with p G (0, 1] 
and oj G A\{X) satisfying the reverse Holder inequality of order 2/(2 — p), by the Lusin 
area function associated with the heat semigroup generated by L. Moreover, Bui and 
Duong [15] established the atomic and the molecular characterizations of U (X) and, 
as applications, obtained the boundedness on H P L U (X) of the generalized Riesz transforms 
associated with L and of the spectral multipliers of L. These results are partially over- 
lapped with the results of this paper when ip is as in (1.2) with <&(£) := t p for p G (0, 1] 
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and t £ [0, oo). As have observed above, the atomic decomposition of the weighted tent 
space obtained in [15] and the Riesz transforms considered in [15] are different from these 
in this paper. We also point out that, it is motivated by [15], in the present version of 
this paper, we replace the assumption in the first version that the growth function (p is of 
uniformly upper type 1 by the assumption that (p is of uniformly upper type p\ for some 
Pi £ (0, 1] and hence, in the main results of this paper, we improve the assumption in the 
first version that (p £ RH^Af) into the weaker assumption that <p £ RH2/[2-/M] 

Finally we make some conventions on notation. Throughout the whole paper, we denote 
by C a positive constant which is independent of the main parameters, but it may vary 
from line to line. We also use C(7,/3, • • • ) to denote a positive constant depending on the 
indicated parameters 7, (3, ■ ■ ■ . The symbol A < B means that A < CB. If A < B 
and B < A, then we write A ~ B. The symbol \_s\ for s £ M denotes the maximal 
integer not more than s. For any given normed spaces A and B with the corresponding 
norms || • ||^ and || • ||g, the symbol A C B means that for all f £ A, then / £ B and 
1 1 /II 23 II /II ,4- F° r an y measurable subset E of X, we denote by E^ the set X \ E and by 
Xe its characteristic function. We also set N := {1, 2, • • • } and Z + := {0} U N. For any 
6 := (6>i, . . . , 9 n ) £ Z% , let |0| := 0i + ■ ■ ■ + n . For any subsets E, F C X and z £ X, let 
dist (E 1 , F) := inf X £E,y<=F d(x,y) and dist (z, E) := inf^g^ d(z, x). 

2 Preliminaries 

In Subsection 2.1, we first recall some notions on metric measure spaces and then, in 
Subsection 2.2, describe some basic assumptions on the operator L studied in this paper. 
In Subsection 2.3, we recall some notions concerning growth functions considered in this 
paper and also give some specific examples of growth functions satisfying the assumptions 
of this paper. Subsection 2.4 is devoted to recalling some properties of growth functions 
established in [63]. 

2.1 Metric measure spaces 

Throughout the whole paper, we let X be a set, d a metric on X and p, a nonnegative 
Borel regular measure on X. For all x G X and r £ (0, 00), let 



and V(x,r) := fi(B(x,r)). Moreover, we assume that there exists a constant C\ £ [l,oo) 
such that, for all x £ X and r £ (0, 00), 



Observe that (X, d, fi) is a space of homogeneous type in the sense of Coifman and 
Weiss [25]. Recall that in the definition of spaces of homogeneous type in [25, Chapter 
3], cZ is assumed to be a quasi-metric. However, for simplicity, we always assume that 
d is a metric. Notice that the doubling property (2.1) implies that the following strong 
homogeneity property that, for some positive constants C and n, 



B(x,r) := {y £ X : d(x,y) < r} 



(2.1) 



V(x,2r) < dV{x,r) < 00. 



(2.2) 



V{x,\r) < C\ n V(x,r) 



Musielak-Orlicz-Hardy Spaces Associated with Operators 



11 



uniformly for all A G [1, oo), x G X and r G (0, oo). There also exist constants C G (0, oo) 
and N G [0, n] such that, for all x, y G X and r G (0, oo), 



(2.3) V(x,r)<C 



1 c^y) 1 7 



l/(y,r). 



Indeed, the property (2.3) with A?" = n is a simple corollary of the triangle inequality for 
the metric d and the strong homogeneity property (2.2). In the cases of Euclidean spaces 
and Lie groups of polynomial growth, N can be chosen to be 0. 
In what follows, to simplify the notation, for each ball B C X, set 

(2.4) U (B) := B and Uj(B) := 2PB \ 2 j ~ 1 B for j G N. 

Furthermore, for p G (0, oo], the space of p-integrable functions on X is denoted by 
L P (X) and the (quasi-)norm of / G L P (X) by H/Hl^A")- 

2.2 Assumptions on operators L 

Throughout the whole paper, as in [51, 57], we always suppose that the considered 
operators L satisfy the following assumptions. 

Assumption (A) L is a nonnegative self-adjoint operator in L 2 (X). 
Assumption (B) The operator L generates an analytic semigroup {e~ tL } t >o which sat- 
isfies the Davies-Gaffney estimates, namely, there exist positive constants Ci and C3 such 
that, for all closed sets E and F in X, t G (0, 00) and / G L 2 (E), 

(2-5) \\e- tL f\\ L , {F) < C2exp|- [dist g; F)]2 } ||/|| L2(g) , 

here and in what follows, dist (E,F) := inf x ^e, y eF d(x,y) and L 2 (E) is the set of all 
fi-measurable functions supported in E such that ||/||l2( B ) := { J E \ f(x)\ 2 dfi(x)} 1 / 2 < 00. 

Examples of operators satisfying Assumptions (A) and (B) include second order elliptic 
self-adjoint operators in divergence form on M. n with bounded measurable coefficients, 
(degenerate) Schrodinger operators with nonnegative potential or with magnetic field, 
and Laplace-Beltrami operators on all complete Riemannian manifolds (see, for example, 
[29, 42, 84, 85]). 

By Assumptions (A) and (B), we have the following results which were established in 
[51]. 



Lemma 2.1. Let L satisfy Assumptions (A) and (B). Then for every fixed k G N ; the 
family of operators, {(£ 2 L) fc e _i L }t>o, satisfies the Davies-Gaffney estimates (2.5) with 
positive constants C2 and C3 only depending on n, N and k. 



In what follows, for any operator T, let Kt denote its integral kernel. It is well known 
that if L satisfies Assumptions (A) and (B), and T := cos(tvT) with t G (0,oo), then 
there exists a positive constant C4 such that 



(2.6) 



suppK T C V t := {(x,y) G X X X : d(x,y) < C 4 t} 
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(see, for example, [85, Theorem 2], [26, Theorem 3.14] and [51, Proposition 3.4]). This 
observation plays a key role in obtaining the atomic characterization of the Musielak- 
Orlicz-Hardy space H v ^l{X) (see [51, 57] and Proposition 4.7 below). 

Lemma 2.2. Assume that L satisfies Assumptions (A) and (B). Let ip G C^°(R) be even 
and supp^ C (— C^ 1 , C^ 1 ), where C4 is as in (2.6). Let denote the Fourier transform 
of if). Then for every k G N and t G (0, oo), the kernel ^ ^2 ^^{t-^L) °f (t 2 L) K <&(ty/L) 
satisfies that supp K Ly^^^/i^ C {(x,y) G X x X : d(x,y) < t}. 

For any given 5 G (0, 00), let <fi be a measurable function from C to C satisfying that 
there exists a positive constant C{8) such that, for all z G C, \§{z)\ < C(S) j^q^pa ■ Then 
Jo°° l^(0l 2 * -1 dt < 00. It was proved in [51, (3.14)] that, for all / G L 2 (X), 



which is often used in what follows. 

2.3 Growth functions 

We recall that a function <I> : [0, 00) — > [0, 00) is called an Orlicz function if it is 
nondecreasing, <£(0) = 0, <fr(t) > for all t G (0, 00) and lim^oo <fr(t) = 00 (see, for 
example, [73, 76, 79, 80]). The function $ is said to be of upper type p (resp. lower type 
p) for some p G [0, 00), if there exists a positive constant C such that, for all t G [l,oo) 
(resp. t G [0, 1]) and s G [0, 00), <E>(s£) < Ct p <I>(s). If $ is of both upper type p\ and lower 
type P2, then <3? is said to be of type (pi, p-i). The function $ is said to be of strictly lower 
type p if, for all t G [0, 1] and s G [0, 00), $(st) < #>$(s). Define 

(2.8) p$ := sup{p G [0, 00) : $(si) < t p $(s) holds true for all t G [0, 1] and s G [0, 00)}. 

It was proved in [58, Remark 2.1] that <3? is also of strictly lower type p$; in other words, 
p$ is attainable. 

For a given function ip : X X [0, 00) — > [0, 00) such that, for any x G X, ip(x, •) is an 
Orlicz function, ip is said to be of uniformly upper type p (resp. uniformly lower type p) for 
some p G [0, 00), if there exists a positive constant C such that, for all x G X, t G [1, 00) 
(resp. £ G [0, 1]) and s G [0, 00), 



ip is said to be of positive uniformly upper type (resp. uniformly lower type) if it is of 
uniformly upper type (resp. uniformly lower type) p for some p G (0, 00). Moreover, let 



(2.7) 




(2.9) 



(p(x,st) < Ct p ip(x, s); 



(2.10) 



inf{p G (0, 00) : ip is of uniformly upper type p} 



and 



(2.11) 



i(ip) 



sup{p G (0, 00) : ip is of uniformly lower type p}. 
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In what follows, I (if) and i((p) are, respectively, called the uniformly critical upper type 
index and the uniformly critical lower type index of <p. Observe that I ((f) and i(tp) may 
not be attainable, namely, <p may not be of uniformly upper type I(<p) and uniformly lower 
type i(cp) (see below for some examples). 

Let (f : X x [0, oo) — > [0,oo) satisfy that x \-t <p(x,i) is measurable for all t £ [0, oo). 
Following Ky [63], <p(-,t) is said to be uniformly locally integrable if, for all bounded subsets 
K of X, 

/ sup <<p(x,t) / (p(y,t)dfj,(y) \ dfi(x) < oo. 

JKte(0,oo) [ UK J J 

Definition 2.3. Let tp : X x [0, oo) — >■ [0, oo) be uniformly locally integrable. The function 
tp(-,t) is said to satisfy the uniformly Muckenhoupt condition for some q £ [1, oo), denoted 
by tp £ A q (X), if, when q £ (1, oo), 



q/q' 

< oo, 



A q (tp):= sup sup — — f tp(x,t)d/j,(x)\—— [ [<p(y,t)] q ' /q dfi(y) 
te(o,oo)Bcx fJ-{B) Jb IV(£>)Jb 

where 1/q + l/q' = 1 , or 

Ai(ip) := sup sup A <p(x,t) dn(x) I esssup t)]" 1 ) < oo. 

te(o,oo) Be x K B ) Jb \ yes J 

Here the first supremums are taken over all t € (0, oo) and the second ones over all balls 
B C X. 

The function tp(-,t) is said to satisfy the uniformly reverse Holder condition for some 
q £ (l,oo], denoted by if £ MM q (X), if, when q £ (1, oo), 

MHL» : = sup sup / [<^(x, t)] 9 d/x(x) ) ^ 

x J g <P(x,t) dn(x)^ < oo, 

REIoo^) := sup sup < esssup <p(y,t) > { ] p . / <p(a;, i) cfyt(x) 1 < 00. 

te(0,oo)BC^ [ J/GB J IM-dJ JB J 

Here the first supremums are taken over all t £ (0, 00) and the second ones over all balls 
B CX. 

Recall that in Definition 2.3, when X = R n , A q (R n ) with q £ [1, 00) was introduced by 
Ky [63]. 

Let Aoo(A') := U qe .[i t00 )A q (X) and define the critical indices of tp as follows: 
(2.12) q(tp) : = inf {q £ [1, 00) : tp £ A q (X)} 



or 



14 



Dachun Yang and Sibei Yang 



and 

(2.13) r(tp) :=sup{gG (l,oo] : p£RW q (X)}. 

Observe that, if q(tp) G (l,oo), then tp G" A q ^(X), and there exists p G" A±(X) such that 
q(tp) = 1 (see, for example, [62]). Similarly, if r(tp) G (l,oo), then RHL.^)^), and 
there exists tp G" REI 00 (Af) such that r(tp) = oo (see, for example, [27]). 
Now we introduce the notion of growth functions. 

Definition 2.4. A function p : X x [0, oo) — > [0, oo) is called a growth function if the 
following hold true: 

(i) p is a Musielak- Orlicz function, namely, 

(i)i the function tp(x, •) : [0, oo) — > [0, oo) is an Orlicz function for all x £ X; 
(1)2 the function tp(-,t) is a measurable function for all t G [0, oo). 

(ii) tp G A^*). 

(hi) The function p> is of positive uniformly upper type p\ for some p\ G (0, 1] and of 
uniformly lower type P2 for some P2 G (0, 1]. 

Remark 2.5. By the definitions of the uniformly upper type and the uniformly lower 
type, we see that, if the growth function tp is of positive uniformly upper type p\ and of 
positive uniformly lower type P2, then p\ > P2- 

Clearly, <p(x,t) := cu(x)Q(t) is a growth function if u G A 00 (X) and $ is an Orlicz 
function of upper type p\ for some p\ G (0, 1] and of lower type P2 for some p2 G (0, 1]. 
It is known that, for p G (0,1], if <J>(i) := t p for all t G [0,oo), then <1> is an Orlicz 
function of type (p,p); for p G [|, 1], if <&(i) := t p /ln(e + t) for all t G [0, oo), then $ is 
an Orlicz function of lower type q for q G (0,p) and of upper type p; for p G (0, |], if 
$(t) := t p ln(e + t) for all t G [0, oo), then $ is an Orlicz function of lower type p and of 
upper type q for q G (p, 1]. Recall that if an Orlicz function is of upper type p G (0, 1), 
then it is also of upper type 1. 

Another typical and useful growth function is <p as in (1.3). It is easy to show that 
if ip is as in (1.3), then tp G A\(X), tp is of uniformly upper type a, I(tp) = i{tp) = a, 
i(tp) is not attainable, but I(tp) is attainable. Moreover, it is worth to point out that such 
function tp naturally appears in the study of the pointwise multiplier characterization for 
the BMO-type space on the metric space with doubling measure (see [74]). We also point 
out that when X = W 1 , a similar example of such tp is given by Ky [63] replacing d(x, xq) 
by | a; |, where | • | denotes the Euclidean distance on R n . 

2.4 Some basic properties on growth functions 

Throughout the whole paper, we always assume that p is a growth function as in 
Definition 2.4. Let us now introduce the Musielak-Orlicz space. 

The Musielak-Orlicz space L^^X) is defined to be the set of all measurable functions / 
such that J x tp(x, \ f(x)\) dfi(x) < oo with Luxembourg norm 

||/|| L , w :=inf jAG(0,oo): j^{x}-^^j d M (x) < lj . 
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In what follows, for any measurable subset E of X and t G [0, oo), let 

ip(E,t) := / (p(x,t) d/j,(x). 

JE 

The following Lemmas 2.6 and 2.7 on the properties of growth functions are, respec- 
tively, [63, Lemmas 4.1 and 4.3]. 

Lemma 2.6. (i) Let (p be a growth function. Then ip is uniformly a -quasi- subadditive on 
X x [0, oo), namely, there exists a "positive constant C such that, for all (x, tj) G X x [0, oo) 

with j g n, rtx,ET=ih) < cT,T=M x ^i)- 

(ii) Let ip be a growth function and lp(x,t) := J* * ^j^- ds for all (x,t) G X x [0, oo). 
Then <p is a growth function, which is equivalent to ip; moreover, <p(x, •) is continuous and 
strictly increasing. 

Lemma 2.7. Let c be a positive constant. Then there exists a positive constant C such 
that 

(i) f x (p(x, ) dfi(x) < c for some A G (0, oo) implies that \\f\\L>p(x) ^ CX; 

(ii) ^ - <p(Bj, y) < c /or some A G (0, oo) implies that 




where {tj}j is a sequence of positive numbers and {Bj}j a sequence of balls. 

In what follows, for any given ball B := B(x,t), with x G X and r G (0, oo), and 
A G (0, oo), we write XB for the X-dilated ball of B, namely, XB := B(x, At). 

We have the following properties for A OQ (X), whose proofs are similar to those in [44, 46], 
and we omit the details. In what follows, M. denotes the Hardy- Littlewood maximal 
function on X, namely, for all x G X, 

M(f)(x) := sup -Lr [ \f(y)\d^y), 

x€B M-DJ J B 

where the supremum is taken over all balls B 3 x. 

Lemma 2.8. (i) ki{X) C A P (X) C A q (X) for 1 < p < q < oo. 
(ii) RHoo^) C EHp{x) C EM q (X) forl<q<p<oo. 

(hi) If if G A p (X) withp G (1, oo), then there exists some q G (l,p) such that ip G A q (X). 

(iv) If ip £ MMp(X) with p G (l,oo), then there exists some q G (p, oo) such that 
ip G RU q (X). 

(v) Aoo(*) = U pe[l!00) A p (X) C U ge(1>oo] MM g (^). 

(vi) G (1, oo) and ip G A p (X), then there exists a positive constant C such that, for 
all measurable functions f on X and t G [0, oo), 



/ [M(f)(x)] p <p(x,t)dn(x)<C f \f(x)\Mx,t)d f i(x). 

JX JX 
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(vii) If <f G A P (X) with p G [l,oo), then there exists a positive constant C such that, 
for all balls B u B 2 C X with B x C B 2 and t G [0,oo), < C[gf^] p . 

(viii) If if £ MM q (X) with q G (l,oo], i/ten i/iere exists a positive constant C such that, 
for all balls B u B 2 CZ X with B x C B 2 and t G [0, oo), gf^g > Cf^f^- 1 )/'?. 

Remark 2.9. We remark that in the setting of the Euclidean space M. n , Lemma 2.8(v) 
can be improved to Aoo(IR n ) = U pe [ li00 )A p (R n ) = U,j e ( li00 ]M]HI g (IR n ) (see, for example, [54, 
Lemma 2.4(iv)]). However, in the present setting, the inverse inclusion in Lemma 2.8(v) 
may not be true (see [90, p. 9] for a counterexample). 



3 Musielak-Orlicz tent spaces T V {X x (0,oo)) 

In this section, we study the Musielak-Orlicz tent space associated with the growth 
function. We first recall some notions as follows. 

For any v G (0, oo) and x G X, let I\,(x) := {(y,t) G X x (0, oo) : d(x,y) < ut} be 
the cone of aperture v with vertex x G X. For any closed subset F of X, denote by TZ U F 
the union of all cones with vertices in F, namely, 1Z U F := U x& pT u (x) and, for any open 
subset O of X, denote the tent over O by T„(0), which is defined as T v (0) := [K u (0 C )f. 
It is easy to see that T v (0) = {{x,t) G X x (0, oo) : d(x, Cfi) > vt). In what follows, we 
denote V\{x) and T\(0) simply by T(x) and O, respectively. 

For all measurable functions g on X x (0, oo) and x G X, define 



1/2 



If X = R n , Coifman, Meyer and Stein [23] introduced the tent space If (R^ +1 ) for p G 
(0, oo), here and in what follows, := R n x (0, oo). The tent space T%{X x (0, oo)) on 

spaces of homogenous type was introduced by Russ [82]. Recall that a measurable function 
g is said to belong to the tent space T^(X x (0, oo)) with p G (0, oo), if ||5'||t| , (A'x(o,oo)) := 
1 1 -A(g) 1 1 lp ix) < °°- Moreover, Harboure, Salinas and Viviani [47] and Jiang and Yang [57], 
respectively, introduced the Orlicz tent spaces T,i,(R^ +1 ) and T*(X x (0,oo)). 

Let ip be as in Definition 2.4. In what follows, we denote by T^(X x (0, oo)) the 
space of all measurable functions g on X x (0, oo) such that A(g) G L V (X) and, for any 
g G T V (X x (0, oo)), define its quasi-norm by 

ll0l|7V,(*x(o,oo)) : = \\A{g)\\L*(X) = inf | A G (0, oo) : J^(p (x, ^MM^J dfi(x) < l| . 

A function a on X x (0, oo) is called a T ip (X x (0, co))-atom if 
(i) there exists a ball B C X such that suppa C B; 

f 8 \a{x,t)\*!^ < m\\XB\\£ iX) . 
For functions in T ip (X x (0, oo)), we have the following atomic decomposition. 
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Theorem 3.1. Let 92 be as in Definition 2.4- Then for any f G T^(X x (0, 00)), there 
exist {Xj}j C C and a sequence {aj}j ofT v (X x (0, 00)) -atoms such that, for almost every 
(x,t) G X X (0, 00), 

(3.1) f{x,t) = Y i \ j a j {x,t). 

3 

Moreover, there exists a positive constant C such that, for all f G T^{X x (0,oo)), 

(3.2) A({A j a j } J ) : = inf J A G (0, 00) : £ p (b,-, — ) < 1 

< C||/l|lV(*x(0,oo))> 

where, for each j, Bj appears in the support of aj. 

We prove Theorem 3.1 by borrowing some ideas from the proof of [57, Theorem 3.1] 
(see also [23] and [82]). To this end, we first need some known facts as follows. 

Let F be a closed subset of X and O := F^. Assume that fi(0) < 00. For any fixed 
7 G (0, 1), we say that x G X has the global ^-density with respect to F if, for all r G (0, 00), 

n(B(x,r)nF) 

Denote by F* the set of all such x. It is easy to prove that F* with 7 G (0, 1) is a 
closed subset of F. Let 7 G (0, 1) and O* := (-F^) C . Then it is easy to see that O C O*. 
Indeed, from the definition of O* , we deduce that O* = {x G X : M(xo)( x ) > 1 — 7}) 
where denotes the centered Hardy- Littlewood maximal function on X, which, together 
with the fact that M is of weak type (1,1) (see [25]), further implies that there exists a 
positive constant C(j), depending on 7, such that n{0*) < C(^)^{0). Recall that, for all 
/ G L\ QC (X) and x G X, 

M(f){x):= sup — — — - f \f(y)\dn(y). 

re(0,oo) ^{B{X,r)) J B (x,r) 

It is well known that there exists a positive constant C5 such that, for all x G X and 

(3.3) C^M(f)(x) < M(f){x) < C 5 M(f)(x). 
The following Lemma 3.2 was established in [82]. 

Lemma 3.2. Let r] G (0,1). Then there exist 70 G (0,1) and C(r), 70) G (0, 00) such 
that, for any closed subset F of X whose complement has finite measure, 7 G [70, 1) and 
nonnegative measurable function H on X x (0, 00), 

f H(y,t)V(y,t)d f i(y)dt<C(7 ino ) [ \ [ H(y,t)dfi(y)dt\ dfi(x), 

JUi-^F*) JF {Jt(x) J 

where F* denotes the set of points in X with the global ^-density with respect to F. 
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To prove Theorem 3.1, we need a covering lemma established in [24]. 

Lemma 3.3. Let fl be a proper open subset of finite measure of X. For any x G X , define 
r(x) := d(x, Qr)/10. Then there exist a positive integer M and a sequence {xj}j of points 
in X such that, if rj := r{xj), then 

(i) Q = UjB(xj,rj); 

(ii) B(xi,n/A) n B{xj,Tj/4) =<Hifi^j; 

(hi) for each j, ${i : B(xi,5r,i)nB(xj,5rj) / 0} < M, where §E denotes the cardinality 
of the set E; 

Moreover, there exist nonnegative functions {4>j}j on X such that 

(iv) for all j, supp<^j C B(xj,2rj); 

(v) for all j and x G B(xj,rj), (f>j(x) > 1/M; 

( vi ) Y,j<Pj = Xn- 

Moreover, we also need the following Lemma 3.4, whose proof is similar to that of [63, 
Lemma 5.4]. We omit the details. 

Lemma 3.4. Let f G T^(X x (0, oo)) and Q k := {x G X : A(f)(x) > 2 k } for all k G Z. 
Then there exists a positive constant C such that, for all A G (0, oo), 




Now we prove Theorem 3.1 by using Lemmas 3.3 and 3.4. 

Proof of Theorem 3.1. Let / G T 9 (X x (0, oo)). For any k G Z, let O k := {x G X : 
A(f)(x) > 2 k } and F k := 0\. Since / G T V {X x (0, oo)), for each k, O k is an open set of 
X with fj,(0k) < oo. 

Let T] G (0, 1) and 70 be as in Lemma 3.2. Let 7 G [70, 1) such that Cs(l — 7) < 1/2. In 
what follows, we denote (i^ 7 )* and {O krf )* simply by Ft and Ot, respectively. We claim 
that supp/ C U k& Ti- v {0* k )UE, where E C Xx (0, 00) satisfies f E dt = 0. Indeed, let 
(x, t) be the Lebesgue point of / and (x, t) G" \Jk&T\-^{O k ) . Then there exists a sequence 
{yk}kei of points such that {yk}kei C B(x, (1 - rj)t) and for each k, y k G" Ti- v (0^), which 
implies that, for each k G Z, -M(xo fc )(yfc) < 1 — 7- From this, (3.3) and 6*5(1 — 7) < 1/2, 
we deduce that fi(B(x,t)n{z G X : A(f)(z) < 2 k }) > n{B{x,t))/2. Letting k ->• -00, we 
then see that fj,(B(x,t) D {z G X : A{f){z) = 0}) > fi(B(x,t))/2. Therefore, there exists 
y G B(x,t) such that / = almost everywhere in T(y), which, together with Lebesgue's 
differentiation theorem (see [49, Theorem 1.8]), implies that f(x,t) = 0. By this, we know 
that the claim holds true. 

If 0* k = X for some k G Z, then fi(X) < 00, which implies that X is a ball (see 
[74, Lemma 5.1]). In this case, set I k := {1}, B k i := X and <f> k ^ = 1. If 0* k is a 
proper subset of X, by Lemma 3.3 with f2 = 0£, we obtain a set of indices and balls 
{B k>j } je i k := {B(x k j,2r k j)} j( z Ik and functions j}je4 satisfying that, for each j G 4, 
supp^fcj C B(x x j,2r k j) and ^je/^ 0fc,j = Xo*- Thus, for each (ar,i) G x (0,oo), we 
see that 

(xt!_,(o:) - xt!_,(o: +1 )) = £ (^i-.(Ofc) - xt^m+S) (m)- 

3 eh 
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From this, supp/ C {U fc6Z Ti_ T ,(0^) U E} and j E Mm)JL = 0j we infer that 

/ = f (*ri_„(o;) - Xti_,(oj +1 )) = mi (^i_,(oj) - Xiu^o^j) 

almost everywhere on x (0, oo). For each fc and j, let 

a k j := 2~ h \\xB kt j\\ll( X )f<Pk,j (xti-^o*) ~ XTi_^(0^ +1 )) 

and A fci := 2 fc ||xB fc> Jl*(*)- Then / = J2kez^2jei k X k,jak,j almost everywhere. Similar 
to the proof of [82, (2.4)], we see that, for each k and j, suppa^j C C(rj)B k ^, where 
C(rj) G (l,oo) is a positive constant independent of k and j. By Lemma 3.2, suppa/^j C 
(Ti- v (0%. , x )) = 7?.i_ r) (i^ +1 ) and the definition of we know that, for each k and j, 



< 



/ (/ 



i / + m2 dn{y)dt ■ 



< / [^(ofc,j)(^)] 

JF k+1 n(C(r,)B kij ) 

-2 



<^(Cfa)B fc , 



XC(r,)B fc , 



which implies that up to a harmless multiplicative constant, each a k j is a T^(X x (0, oo))- 
atom. Moreover, by (2.2), Lemma 2.7(i) and Lemma 3.4, we know that, for all A G (0, oo), 



which implies that A({X k ja k j} ke zj) < ||/||T v (;tx(o,oo))- This finishes the proof of Theo- 
rem 3.1. □ 

Corollary 3.5. Let (p be as in Definition 2.4 with cp G Wl2/[2-7((;))] (^)) where I((f) is as 
in (2.10). Iffe T V (X x (0, oo)) n T$(X x (0,oo)), then (3.1) in Theorem 3.1 holds true 
in both T V (X x (0,oo)) andT%(X x (0,oo)). 

By the uniformly upper type p\ property of <p with some pi G [1(f), 1], Theorem 3.1 
and its proof, similar to the proof of [54, Corollary 3.4], we can show Corollary 3.5 and 
omit the details here. 
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In what follows, let T^X x (0,oo)) and T%' b (X x (0,oo)) with p G (0,oo) denote, 
respectively, the set of all functions in T V (X x (0, oo)) and T%(X x (0,oo)) with bounded 
support. Here and in what follows, a function / on X x (0, oo) is said to have bounded 
support means that there exist a ball B C X and < c\ < c 2 < oo such that supp / C 
B x (ci,c 2 ). 

Proposition 3.6. Let if be as in Definition 24. Then T^(X x (0, oo)) C T^ b {X x (0, oo)) 
as sets. 

The proof of Proposition 3.6 is an application of the uniformly lower type p2 property 
of p for some P2 G (0, 1], which is similar to that of [54, Proposition 3.5]. We omit the 
details. 



4 Musielak-Orlicz-Hardy spaces H^^l{X) and their duals 

In this section, we always assume that the operator L satisfies Assumptions (A) and 
(B), and the growth function p is as in Definition 2.4. We introduce the Musielak-Orlicz- 
Hardy space H^^l^X) associated with L via the Lusin-area function and give its dual 
space via the atomic and molecular decomposition of H Vj l(X). Let us begin with some 
notions. 

In order to introduce the Musielak-Orlicz-Hardy space associated with L, we follow the 
ideas appeared in [6, 51] and first define the L 2 (X) adapted Hardy space 

(4.1) H\X) := H 2 L (X) :=!(!), 

where R(L) denotes the closure of the range of L in L 2 (X). Then L 2 (X) is the orthogonal 
sum of H 2 (X) and the null space N(L), namely, L 2 (X) = R(L)®N(L). 

For all functions / G L 2 (X), let the Lusin-area function <Sx(/) be as in (1.4). From 
(2.7), it follows that Sl is bounded on L 2 (X). Hofmann et al. [51] introduced the Hardy 
space H\(X) associated with L as the completion of {/ £ H 2 (X) : G L l (X)} 

with respect to the norm := H/Hl 1 ^)- The Orlicz-Hardy space H^ l(X) was 

introduced in [57] in a similar way. 

Following [6, 51, 57], we now introduce the Musielak-Orlicz-Hardy space H ip ^l(X) as- 
sociated with L as follows. 

Definition 4.1. Let L satisfy Assumptions (A) and (B) and ip be as in Definition 2.4. A 
function / G H 2 {X) is said to be in H v>j l(X) if Sl{/) G L v {X)] moreover, define 

:= \\SlU)\\i* { X) ■= mf {A G (0, oo) : jf <p (x, M/M) dfl{x) < i| . 

The Musielak-Orlicz-Hardy space H v> l(X) is defined to be the completion of H^^^X) in 
the quasi-norm || ■ \\h ViL (x)- 

Remark 4.2. (i) Notice that for / / G L 2 (X), \\S L {f)\\ Lv{x) = holds true if and 
only if / G N(L). Indeed, if / G N(L), then t 2 Le~ t2L f = almost everywhere and 
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hence \\S L (f)\\ LV{x) = 0. Conversely, if \\S L (f)\\ LV(x) = 0, then t 2 L e - 1 L f = almost 
everywhere onlx (0, oo). Hence, for all t G (0, oo), (e~* 2L - I)f = f* -2sLe~ s2L fds = 0, 

which further implies that Lf = Le~* L f = almost everywhere and / G N(L). Thus, in 
Definition 4.1, it is necessary to use R(L) rather than L 2 (X) to guarantee || • ||# to 
be a quasi-norm (see also [51, Section 2] and [57, Remark 4.1(i)]). 

Moreover, we know that, if the kernels of the semigroup {e~ tL }t>o satisfy the Gaussian 
upper bounded estimates, then N(L) = {0} and hence H 2 (X) = L 2 (X) (see, for example, 
[51, Section 2]). 

(ii) It is easy to see that || • ||# L ( X ) is a quasi-norm. 

(iii) From the Aoki-Rolewicz theorem in [4, 81], it follows that there exists a quasi-norm 
II • If on H V , L {X) and 7 ejO, 1] such that, for all / G H V>L (X), \\\f\\\ ~ \\f\\ H<Pi UX) and, 
for any sequence {fj}j C H^l^X), 



By the theorem of completion of Yosida [98, p. 56], it follows that {H^^l^X), ||| • |||) has 
a completion space (H^^^X), \\\ • |||); namely, for any / G (H^^^X), \\\ • |||), there exists 
a Cauchy sequence {fk}kLi C H (Pt L(X) such that lim^oo |||/^ — /||| = 0. Moreover, if 
{fk}fcLi is a Cauchy sequence in {H^l^X), \\\ ■ |||), then there exists a unique / G H^l{X) 
such that Hindoo |||/ fe - /||| = 0. Furthermore, by the fact that |||/||| ~ \\f\\H v , L (X) for 

all / G H^ L (X), we know that the spaces (H^ L {X), \\ ■ \\h v , l (X)) and (-H^L 0*0, ||| • |||) 
coincide with equivalent quasi-norms. 

(iv) If ip(x,t) := t for all x G X and t G (0, oo), the space H v ^l{X) is just the space 
H\(X) introduced by Hofmann et al. [51]. Moreover, if ip is as in (1.2) with oj = 1 and <I> 
concave on (0, oo), the space H tPj i(X) is just the Orlicz-Hardy space H$ : l(X) introduced 
in [57]. 

We now introduce (</?, M)-atoms and (ip, M, e)-molecules as follows. 

Definition 4.3. Let M G N. A function a G L 2 (X) is called a (tp,M)-atom associated 
with the operator L if there exist a function b G V(L M ) and a ball B C X such that 

(i) a = L M b; 

(ii) supp (L fc 6) C J3, fc € {0, ■ ■ ■ , M}; 

(iii) 11(^)^11^) < r^[/,(S)]V2|| XB || Z i w , A; G {0, • • • , M}. 

Definition 4.4. Let M G N and e G (0, 00). A function /3 G £ 2 (A0 is called a (ip, M, e)- 
molecule associated with the operator L if there exist a function b G V(L M ) and a ball 
B C X such that 

(i) = L M 6; 

(ii) for each k G {0, ■ ■ ■ , M} and j G Z+, there holds true 

\\(r 2 B Lfb\\ L , mB)) < 2-^[^Bt/ 2 \\ XB \\- L \ xv 
where Uj(B) with j G Z + is as in (2.4). 
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Remark 4.5. Let $ be a concave Orlicz function on (0, oo) with p$ G (0,1]. When 
ip(x,t) = $(t) for all x G X and t G [0, oo), the (</?, M)-atom is just the ($, M)-atom in- 
troduced in [57]. However, the (ip, M, e)-molecule is different from the (<&, M, e)-molecule 
in [57] even when ip(x,t) = &(t) for all x G X and t G [0, oo). More precisely, recall that 
(3 is called a (<£, M, e) -molecule, introduced in [57], if (ii) of Definition 4.4 is replaced by 
that, for each k G {0, ■ ■ ■ , M} and j G Z+, there holds true 



.,„, B <2-^[M(2 J J B)]-^[ p ( /i (2^))]-\ 

L 2 (Uj(B)) 

where Uj(B) with j G Z + is as in (2.4) and p is given by p(t) := t~ 1 /&~ 1 (t~ 1 ) for 
all t G (0, oo). Let p2 be any lower type of <3>. Then for any e G (0, oo), every (ip, M, e)- 
molecule is a ($, M, e — n(l/p2 — l/2))-molecule when ip := <£. Indeed, by [92, Proposition 
2.1], we know that p is of upper type l/p2 — 1, which, together with (2.2), implies that, for 
all j G N, [p{p(2i B))}- 1 > 2-^ n( - l /P 2 ^[p(p(B))}- 1 . From this and (2.2), we further de- 
duce that, for all j G N, [p(V B)]' 1 / 2 ^^ B))}- 1 > 2-J n ( 1 /P2-i/2) ^(S)]- 1 ^^))]-^ 
which, together with the fact that IIX-bIIlv(A') = ^(B) p(p,(B)) , implies that the claim holds 
true. We point out that the notion of (ip, M, e)-molecules is motivated by [70], which is 
convenient in applications (see, for example, [70] for more details). 



4.1 Decompositions into atoms and molecules 

Recall that a function / on X x (0, oo) is said to have bounded support, if there exist a 
ball B C X and < c\ < c 2 < oo such that supp/ C B x (c\,C2). In what follows, let 
L 2 (X x (0,oo)) denote the set of all functions f G L 2 {X x (0,oo)) with bounded support, 
M G N and M > § [f£4 - |], where n, q(ip) and i((/?) are respectively as in (2.2), (2.12) 

and (2.11). Let $ be as in Lemma 2.2 and *(£) := t 2{ - M+l ^(t) for all t G (0, oo). For all 
/ G Ll(X x (0, oo)) and x G X, define 

(4.2) **,L(f)(x)--=C*J y(tVZ)(f(.,t))(x)j, 
where Cq, is a positive constant such that 

/•OO Jj. 

(4.3) / ^)tV - = 1. 

Jo t 

By (2.7) and Holder's inequality, we easily see that, if / G L 2 (X x (0, oo)), then ^,L(f) G 
L 2 (X). Moreover, we have the following boundedness of ir^ £. 

Proposition 4.6. Lei L satisfy Assumptions (A) and (B), tt^^l be as in (4.2), ip as in 
Definition 2.4 with ip G KH 2 /[2_/( ¥ ,)] (Af) and 1(93) 5em<? as in (2.10), and M G N u>ii/i 

M > f[f^y — 5], where n, q(ip) and i(ip) are, respectively, as in (2.2), (2.12) and (2.11). 
Then % * 

(i) the operator tt^^l, initially defined on the space T^^X x (0,oo)), extends to a 
bounded linear operator from T$(X x (0,oo)) to L 2 (X); 

(ii) the operator tt^^l, initially defined on the space T^(X), extends to a bounded linear 
operator from T V (X x (0, 00)) to H lfit L(X). 
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Proof. The conclusion (i) is just [57, Proposition 4.1(i)]. We only need to show (ii) of this 
proposition. Let / G T^(X x (0, oo)). Then by Proposition 3.6, Corollary 3.5 and (i), we 
know that 

7t*,l(/) = J2^jTry,L(a j ) =: J^Xj 



in L 2 (X), where {Xj}j and {a,j}j satisfy (3.1) and (3.2), respectively. Recall that, for each 
j, suppaj C Bj and Bj is a ball of X. Moreover, from (2.7), we deduce that Sl is bounded 
on L 2 (X), which implies that, for all x G X, Sl{^^, £,(/))(#) < Y2j I^I^O^'X^O- This, 
combined with Lemma 2.6(i), yields that 

(4.4) j «>(x,S L (Tr*, L (f))(x))d»(x)<Y, [ v{x,\Xj\S L { aj ){x))diJi{x). 

We now show that aj = n\B,L(a>j) is a multiple of a (92, M)-atom for each j. Let 

bj := / t 2 ( M+r >L$(ty/L){ aj {;t)) -, 
Jo t 

where C# is as in (4.3). Then for each j, from the definitions of aj and bj, it follows 
that aj = L M bj. Moreover, by Lemma 2.2, we know that, for each k G {0, • • • , M}, 
supp(L fc 6j) C Bj. Furthermore, for any h G L 2 (Bj), from Holder's inequality and (2.7), 
we infer that 



x 



(r 2 Bi L) k bj(x)h(x)d f i(x) 




x Jo 



t 2(M+l) (r 2 L) k LHt ^l } {q . ^ mx)h{a 



dfi(y) dt 



dfi(x) dt 



< 



< 



r 2 Jf / / aj(y,W 2 L) k+1 *(tVL)h(y) 
Jx Jo 

^ IMIt|(*x(o,oc)) { J x [ \(t 2 Lr^(tVL)h(y)\ 2 ^M^} 
r lf II 1 1 t| (A" x(o,oo)) II^IU 2 (*) < ^lf[^(-Bj)] 1/2 llxsJlZ^mll^lU 2 



1/2 



which implies that \\{r 2 B .L) k bj\\ L 2 {x) < ^[ViBj)] 1 / 2 ^ \\ L l {xy Therefore, aj is a 
((p, M)-atom up to a harmless constant. 

We claim that, for any A G C and (<p, M)-atom a supported in a ball B C X , 



(4.5) 



<p(x, S L (Xa)(x)) dfi(x) <(p^B, 



|A| 



\XB\\lv(X) 

If (4.5) holds true, by (4.5), the facts that, for all A G (0, oo), 

S L (^,L(f/X)) = S L (^ )L {f))/X 
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and iry jL (f/\) = ^jXjCtj/X, and S L (TTxs, jL (f)) < \Xj\S L (a>j), we see that, for all 
A £ (0, oo), 

<p[x, dfi(x) <2^ip[Bj, 

Jx V A / ^ V A II Xs,- II 

which, together with (3.2), implies that ||vtvi> i l(/)||^ L < A({ A.,- £*_,■}_,■) < \\f\\ T(p (Xx(o,oo)), 
and hence completes the proof of (ii). 
Now we prove (4.5). Write 

„ oo „ 

(4.6) / ip(x,S L (Xa)(x))dfj,(x) = V] / v(ar, |A|5i(a)(a;)) dfj,(x). 

JX 1~nJU k (B) 



k=0 



From the assumption ip £ WH^/p-Jf^)]^)) Lemma 2.8(iv) and the definition of I(<p), 
we infer that, there exists p\ £ [1(f), 1] such that <p is of uniformly upper type p\ and 
if £ MM 2 /(2-pi)(X)- For k £ {0, • • • ,4}, by the uniformly upper type p\ property of 
ip, Holder's inequality, ip £ WM. 2 /(2- Pl )(X), the L 2 (A')-boundedness of Sl and (2.2), we 
conclude that 



(4.7) / ip(x,\X\S L (a)(x)) df,(x) 

JU k (B) 



< 



< 



<P\x, \M\\xb\\ l I( X) ) {1+ [S L (a)(x)\\xB\\ L 'p(x)] P1 } dfi(x) 

Uh(B) 

xlj [^(^IAHIxbIIZ^))]^^)} 2 I J [S L (a)(x)] 2 Mx) 



(u k (B), |A||| XB ||^ W ) < v (b, \\\\\xb\\£ {X) ) 



From the assumption that M > §[f^y — 5], it follows that, there exist ^2 G (0, 

and go ^ ( ( z(v))°°) such that M > — |). Moreover, by the definitions of i(ip) and 

^(y), we know that (p is of uniformly lower type P2 and p £ A qo (X). When k £ N with 
k > 5, from the uniformly upper type p\ and lower type P2 properties of ip, it follows that 



(4.8) / <p(x,\X\S L (a)(x)) dn(x) 

JU k (B) 

^ / <p(x, \M\\XB\\ll (x) ) [SL(a)(x)\\xB\\L*(x)] Pl dfi(x) 
+ / f \ x AM\\xb\\ l L x) ) [Sl(oi)(x)\\xb\\l>p(x)] P2 dfj,(x) =: E k + F fc . 



! U k (B) 

To estimate E k and F k , we first estimate jjj^s) [Sl{oi){x)] 2 dfi(x). Write 
(4.9) f [S L (a)(x)] 2 dfi(x) 

JU k (B) 
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4 



U k (B) JO Jd(x,y)<t 
oo 



+ 



(t 2 L) M+l e- t2L b{y) 
='■ Hfc + Ife. 



2 c2/i(y) dt 



V(x,t) t 4M + 



i ^0*0 



'U k (B) J^fBl J d{x! y )<t 

We first estimate the term Let 

Gk(B) := {y £ X : there exists x G Uk(B) such that d(x,y) < d(x, xb)/4}. 

From x G Uk(B), it follows that d(x,x B ) G [2 fe_1 r B , 2 fe r B ). Let z £ B and y G Gfc(-B). 
Then d(y,z) > d(x,xs) — d(y,x) — d(z,XB) > 3d(x,XB)/4 — rs > 2 k ~ 2 rB, which implies 
that dist(G fc (-B),S) > 2 fe " 2 r B . By this, Fubini's theorem, (2.5) and (2.3), we know that 



r2 k + 1 r B /• 

(4.10) H fc < / / (t 2 L) 

./0 JG fe (S) 



k(B) 
2 fc + 1 r B 



e- tL b(y) dfi(y) 



dt 



f4M+l 



< 



/ exp 
J o 

/ ,2 fc + 1 r 

4 M M(s)ii XB iiz, 2 w y o 

For 1^, from Lemma 2.1, it follows that 

h< r i (t 2 L) 

J2 k - 2 r B JX 



dist (G k (B),B)} 2 \ dt 



G 3 t 2 



2 k r B 



AM+l 



dt 



^ m <2-* kM KB)\\XB\\ L t (x y 



M+l-t 2 L 



e-^b(y) dn{y) 



dt 



^4M+1 



< 



ll 2rB Mbw ^Stt S 2- 4fcA V(5)llxB|lz, 2 w , 



which, together with (4.9) and (4.10), implies that, for all k G N with k > 5, 

(4.H) \\SL(*)\\mu k (B)) < 2- 2kM HB)] 1/2 \\XB\\- L l {x y 

Now we estimate E^. By Holder's inequality, ip G WH 2 /(2-p 1 )(X), (4.11), Lemma 2.8(vii) 
and (2.2), we conclude that 



(4-12) E k < jjT ^ [^(^|A||| XB ||Z^))] 2 " P1 ^) 

x||xb|Il^ W I J [S L (a)(x)} 2 dfi(x) \ 



'U k (B) 
i El 



< o-2feMpi [M- 6 )] 2 ,„ fnk+ljy II — 1 \ 

~ 2 [^r^¥n 2 s 'I a iiixbii^ w j 



< 2 



- 2fc M P1 [Mg)ii r ^(2 fc +^) 



[//(2 fc + 1 J B)]^ L M B ) 



(B,|A||| XB ||^ W ) 
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< 2 -2kM Pl ^( B 



Xb\ 



LV{X) 



<2-*^-»«+tV(B,|A|||xB|IZ; w ). 



Moreover, by Remark 2.5, we know that p\ > p2 and hence 2/(2 — p\) > 2/(2 — 
P2), which, together with <p G WH.2/(2- Pl )(X) and Lemma 2.8(ii), implies that (p G 
^■2/(2-p 2 )(X). From this, Holder's inequality and (4.11), it follows that 



<p(xAM\\xb\\ l I {x) ) 



II IIP2 



\XB\\ LV 
-2kM' 1 



2 

2-p 2 



dfi(x) 



2-P2 
2 



X-B 1 1 



P2 



< 2^ 2fcMp2 llYnir P2 

~ z IIXbIIlv(a') 



1^-90 



< 2 -2fcM P2[Al(B) 

<2-^^-^)^( B ,| A ||| XB || Z i w ) 



6 

,(2^)j >(^ +1 ^|A|||xb||- W ) 
^^-^^(B.IAIIIxBllii^) 



which, together with (4.6), (4.7), (4.8), (4.12) and M > § (g - ±) > 2(fla 



1- 



2 -), implies 

that (4.5) holds true. This finishes the proof of (ii) and hence Proposition 4.6. □ 



Proposition 4.7. Let (p be as in Definition 2.4 with if G ^^2/[2-i(ip)](^) an d 1(f) being 
as in (2.10), and M G N u>ii/i M > f[f^y — \\, where n, q(<p) and i(<p) are, respectively, 
as in (2.2), (2.12) and (2.11). Then, for all f G H VtL (X) C\ L 2 (X) , there exist {Xjjj C C 
and a sequence {aj}j of (</?, M)-atoms such that 



(4.13) 



in both H, Pj l(X) and L 2 (X). Moreover, there exists a positive constant C such that, for 
all f £H^ L {X)C\L 2 {X), 



A({A i a j } i ) := inf < 



AG (0,oo) : ^2<p[Bj, 



M\XBj 



\Lv{X) 



<i)<c\\f\\ HvL{x) , 



where for each j, suppa,- C Bj 



Proof. Let / G H ip ^ L (X) n L 2 (X). Then by the .Hoo -functional calculi for L and (4.3), we 
know that 



poo = 1± 

(4.14) / = CW ^>(t^L)t 2 Le- t2L f^ = ^ >L {t 2 Le- t2L f) 

Jo 1 

in L 2 (X). Moreover, from Definition 4.1 and (2.7), we infer that t 2 Le~ t2L f G T^(X x 
(0,oo)) n T 2 (X x (0,oo)). Applying Theorem 3.1, Corollary 3.5 and Proposition 4.6 to 
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t 2 Le 1 L f, we conclude that 

/ = TT^, jL (t 2 Le~ t2L f) = J2\ j7 r q , )L (a j ) =: J^Aj-oy 

i i 

in both L 2 {X) and H^ L {X), and A({A i a j } i ) < Ht^e^/H^^^)) ~ \\f\\ Hv , L {xy 
Furthermore, by the proof of Proposition 4.6, we know that, for each j, ctj is a ((p,M)- 
atom up to a harmless constant, which completes the proof of Proposition 4.7. □ 

Corollary 4.8. Let L satisfy Assumptions (A) and (B), p be as in Definition 2.4 with 
if G KH2/[2-/( v )](^) and I(ip) being as in (2.10), and M G N with M > §[f[g - ±], 
where n, q(ip) and i(ip) are, respectively, as in (2.2), (2.12) and (2.11). T/ien /or a// 
/ G Hy t L(X), there exist {Xj}j C C and a sequence {ttj}j of (ip, M)-atoms such that 
f = Ajttj in H^^l(X). Moreover, there exists a positive constant C , independent of f, 
such that \\{Xj<\j} ,) < C\\f\\ Hip ^ x y 

Proof. If / G Htp t L(X) n L 2 (X), then it follows, from Proposition 4.7, that all conclusions 
hold true. 

If / G H^^^X), since H iPt L{X)^L 2 {X) is dense in H^^^X), we then choose {fk}k&z + C 
{H(p : L(X) nL 2 (X)) such that, for all A; G Z+, < 2- fc ||/|| HviiW and / = 

Sfcez + m H<p,l{X)- By Proposition 4.7, we see that, for all k G Z+, there exist {A^}j C 
C and (99,M)-atoms {aj}j such that f k = in H v,l(X) and A({AjaJ}j) < 

ll/fell-ff^ From this, we deduce that, for each k G Z + , 

I>f^»M ~~ir ij )<1, 

V ||/fc||i^, £ ,(*)||X.B*lll> , (*) I 



J 

ij is supported in the ball Bj 
type p2 property of ip with p2 G (0, i((p)), implies that 



where, for each j, is supported in the ball Bj, which, together with the uniformly lower 




|A}| 



H ViL {X)\\XB k A\Lv{X) 



£ EE^fe^n — ^ — ii — U E 2 ^ 1 - 

This further implies that A({A^a^}fc 6 z + j) < ||/||# and hence finishes the proof of 

Corollary 4.8. □ 

Let R n (X) and H^^ ol ^ n (X) denote the sets of all finite combinations of (tp, M)- 

atoms and (ip, M, e) -molecules, respectively. Then we have the following dense conclu- 
sions. 

Proposition 4.9. Let L satisfy Assumptions (A) and (B), <p be as in Definition 2.4 
with ip G ^&2/[2-i(tp)\{X) an d ^(v 9 ) being as in (2.10), e G (n[q(tp)/i(<p) — 1/2], oo) and 
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M G N with M > §[fr4 — §], where n, q(ip) and i(<p) are, respectively, as in (2.2), (2.12) 

and (2.11). Then the spaces H^ at Rn (X) and H^'^ ol &n (X) are both dense in the space 
H<p,l(X). 

Proof. From Corollary 4.8, it follows that H^f at R n (X) is dense in H^^^X). 
To prove that H™ 

moi fin(^) * s dense in H ipj x J (X), noticing that each ((p, M)-atom is a 
(ip, M, e)-molecule, hence we know that Hjjf^ &n (X) C H^^ ol fi n (<^) an d we on kf need to 
show that H^^ ol &Q (X) C H^^X). Let A G C and /3 be a [<p, M, e)-molecule associated 
with a ball B := B{xb^b)- Then there exists b G L 2 (X) such that (3 = L M b and b 
satisfies Definition 4.4. Write 



(4.15) / <p(x,S L (\/3){x))dn{x) 
J x 



j=0 JX y [JO Jd(x,y 

°° f I \ f'°° f 

+£/^U |A| / /, 

~qJX \ \Jr B Jd(x 



t'Le- 1 L {xu j{ B)P){y) 

s 1/2 



y)<t 



dfi(y) dt 
V(x,t)t 



1/2N 



j=o i=o 



dfi(x) 



For each j G Z+, let := 2 J £. Then 
(4.16) E, =£/ <p(x,\\\\ I™ [ 



d(x,y)<t 
oo 



t^Le"* L ( Xt ,. (B )/3)(i/) 



From the assumption 99 G RH^/p-Jfo)] O^")' Lemma 2.8(iv) and the definition of I(<p), 
we deduce that, there exists p\ G \I(y>), 1] such that ip is of uniformly upper type p\ and 
p G RH 2 /(2- P i)(^)- Furthermore, by e > n[f^J - \] and Af > § [fJ4 - ±], we know that, 
there exist p 2 G (0,i(<p)) and g G (?(¥>), 00) such that e > - |) and M > _ I). 
Moreover, from the definitions of 2(92) and (/(y?), we infer that 92 is of uniformly lower type 
p 2 and 99 G A qo (X). 

When k G {0, • • • , 4}, by the uniformly upper type p\ and lower type p 2 properties of 
p, we see that 



(*,|A|||xb|| 

Uk(Bj) 



(4.17) E fe , < » — » Pl 



+ ||xb||^ w / V |A|||xs||^ w ) [fix (xt^-(B)^) 



.7; 



P2 



dfi(x) 
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Now we estimate G^-. By Holder's inequality, the L 2 (<Y)-boundedness of Sl, </? G 
2/(2-p!)(,X) and Lemma 2.8(vii), we conclude that 



(4.18) G kJ < Hxfill^m I / \Sl (xu j{ B)p) (x)? d^x) 



EL 

2 



U k (Bj 



2 



2-Pi 
2 



< 'lu.ll'/kvJI ;|| , ; i ,^ ) [/i(2 fc+ ^)]-^^(2^,|A||| XB ||Z^ 



< 



L¥>(^) 11^ 111,2(^)1 

2-^ e 2( fe+ ^-^) ¥ ,(B,|A||| XB ||^ w ) 



-ipi[e-n(^-|)] 



V(^|a|||xb|Iz^ w )- 



For H fcJ , similarly, we see that H fc>j < 2-^ 2 [ £ - n (*j/P2- 1 /2)] (/;} ( j g ) | A | ), which, 

together with (4.17), (4.18) and p\ > P2, implies that, for each j G Z + and k G {0, • • • , 4}, 

(4-19) E*,,- < (B, |A|||xb|IzJ w ) • 



When k G N with > 5, to estimate E^-, for let 
5L,r s (a:) := 



1/2 

Then from the uniformly upper type p\ and lower type P2 properties of ip, it follows that 



I'D 

Jd(x,y)<t 



(4.20) E tJ < || X bIR w / 
+ \\xb\\% {x) J^ 



<p{x,\X\\\xb\\ lhx) ) [Sl,t b (x)] p1 dn(x) 



U k {B 3 ) 



(^|A||| XB ||^ W ) [S L ,r B (x)r dfi(x) 



--: l kJ +K kjj . 



For each k, j G Z+, let l/fc(J3j) := {y G AT : 2^ 2 2 k r B < d(y,x B ) < 2i +1 2 k r B }. It is 
easy to see that, when k > 5, dist (Uj(B), U k (Bj)) > 2 k+ ^r B . Take s G (0,oo) such that 
s e ( n [f^ ~~ 5]' 2M). Now we deal with the term l k j. To this end, by (2.5), we see that 



(4.21) f [S L , rB (x)] 2 d M (x) 

JUk{Bj) 

JU k (Bj)Jo Jd(x,y)<t 



< 



V(x,t)t 



dfi(x) 



./t/fcGBj) 



t 2 Le-* 2i (x^(B)i8) (y) 



dfi(y) dt 
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rrB 
1 ^ 



[distaff), ^(fl 3 -))] ; 
C,t 2 



dt 



2 _ < 0-1{k+j)s\\o\\2 



which, together with Holder's inequality, (p E MM 2 /(2-p 1 )(,X) and Lemma 2.8(vii), implies 
that 



(4.22) l ktj < 2-(*+^-||/3||^ a ^ f ^||xs|l2U fAr> [^(2*+^ J B)]-^ V » (2*+^,B, | A| || Xj b Hzi W ) 



lL 2 (t/, (B)) II A« II £/?(.%•) I 



<2--^-^-)]2- fe -^-)V( B ,|A|||x B ||- W ). 

Now we estimate K^-. From Holder's inequality, (4.21), 99 G IRH^/^-pa)^) and Lemma 
2.8(vii), it follows that 



(4-23) K fcii < 



L 



U k {B 3 ) 



<P\x, \A\\xb\ 



-1 

Lv{X) 



2 

2-P2 



2-P2 
2 



dfi(x) 



X\\XB\\% {X) < J [SL,r B (x)} 2 d(l(x) 



22 
2 



_ Uk(Bj) 

<2^ fe+ ^||^||^ w H/3||^ w K2'' ■■'i?)]-^^(2^i?.|A|||x^||7; 



Lv(X) 



< 2 



(5,|A||| X fl||i; w ). 



By (4.20), (4.22), (4.23) and p 1 > p 2 , we know that, when kN with k > 5 and j € Z+, 



(4.24) 



jP2[£+s _ n (|a_i)] fep2[s _ n( m_i)] 



^P2 2' J 2 



P2 2; 



V 7 



(b,\x\\\xb\\iI {x) ). 



Now we deal with Fj. Write 



(4.25) 



^ = E / V U |A| ( r / ^e"^ ( X ^(B)i8) (*) 

t^0 Ju k( B i) \ [ Jr B Jd(x,y)<t V 7 

dji{y) dt \ 



When k G {0, • • • , 4}, by the uniformly upper type pi and lower type p 2 properties of 
ip, Holder's inequality, the L 2 (Af)-boundedness of Sl and ip G MM 2 /( 2 - pl )(X), similar to 
the proof of (4.19), we see that 

(4-26) F fciJ <2-^-"^-^V(s,|A||| XB ||^ w ). 
When fceN with k > 5, for any x G X, let 



H L,r B (x) :-- 



r B Jd(x,y)<t 



2 T \M+l-t 2 L 



(t 2 L) 



dp(y) dt 

y(x,t)t 4M+1 



1/2 
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Then from the uniformly upper type pi and lower type P2 properties of if, it follows that 
F fcJ < \\xb\\% {x) [ V (x, \X\\\XB\\ll ix) ) [H L ,r B (x)] P1 M*) 

' J UkiBj) V 

Similar to (4.21), we know that 

/ [H L , rB {x)f dn(x) < 2-^2-^)^(B)\\ XB \\- L l 

JUk(Bj) V ; 

Thus, similar to (4.24), we conclude that, when k G N with k > 5 and j G Z+, 

(4.27) F fcJ < 2 -^[^-(U-|)] 2 -^[-"(|t-|)]^ (e t \A\\\ XB \\- L l {x) ) . 

Then from (4.15), (4.16), (4.19), (4.24), (4.25), (4.26) and (4.27), we infer that 

f <p (x, \X\S L (ft)(x)) d^x) < <p (B, |A|||xb|IZ^ w ) , 
which implies that L (x) ^ 1) an d hence completes the proof of Proposition 4.9. □ 

4.2 Dual spaces of H V:L {X) 

In this subsection, we study the dual spaces of Musielak-Orlicz-Hardy spaces H V>:B (X). 
We begin with some notions. 

Let M G N and (f> = L M u be a function in L 2 (X), where v G V{L M ). Following 
[51, 52, 57], for e G (0, oo), M G N and fixed xo G X, we introduce the space 

Mf\L) := {</> = L M v G L\X) : U\\ m m„ {l) < oo} , 

where 

r M 

W^M^^L) := SU P \ V € [V{xo,l)]~ 1/2 ||XB(xo,l) \\L^X)^2\\L k v\\^u j {B(x ,l))) 

Notice that, if 4> G M^' e {L) with norm 1 and some e G (0, oo), then is a (tp, M, e)- 
molecule adapted to the ball B(xq, 1). Conversely, if ft is a (cp, M, e)-molecule adapted to 
any ball, then ft G M.^' e {L). 

Let At denote either (I + t 2 L) _1 or e~* L and / belong to the dual space of M?' e (L), 
(M^'^L))*. We claim that (I - A t ) M f G Lf oc (X) in the sense of distributions. Indeed, 
for any ball B, if ip G L 2 (B), then it follows, from the Davies-Gaffney estimates (2.5), 
that (/ — A t ) M ^ G A4^' e (L) for every e G (0, oo). Thus, there exists a positive constant 
C(t,r B , dist (B, Xo)), depending on t, r B and dist(S,xo), such that 

\((I-A t ) M f,iP)\ := |(/, (I-A t ) M iP)\ < C(t,r B , dist (B,x ))||/|| (A(( m.« (l)) . 11^11^(3), 
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which implies that (/ — A t ) M f G L 2 oc (X) in the sense of distributions. 
Finally, for any M G N, define 

e>n{q(<p)/i(<p)-l/2] 

where n, q{ip) and &(</?) are, respectively, as in (2.2), (2.12) and (2.11). 

Definition 4.10. Let <p be as in Definition 2.4, L satisfy Assumptions (A) and (B), and 
M G N with M > - i], where n, g(</>) and i(<p) are, respectively, as in (2.2), (2.12) 

and (2.11). A functional / G M%(X) is said to be in the space BMO^ L (X) if 



sup WW* 



2 1 V 2 

(/ - e' r B L ) M f( x ) dfi(x) } < oo, 



v ' Ly ' BcX \\XB\\L<fi(X) Ub 

where the supremum is taken over all balls B of X . 

By using Davies-Gaffney estimates (2.5) and the uniformly upper type and lower type 
properties of ip, similar to proofs of [52, Lemmas 8.1 and 8.3] or [57, Propositions 4.4 and 
4.5], we obtain the following Propositions 4.11 and 4.12. Here, we omit the details. 



Proposition 4.11. Let ip, L and M be as in Definition 4. 10. Then f G BMO^ L (X) if 

<M 

11/2 f , 



and only if f G MM (X) and 



sup { / [(/- (I + rlL)-^f( X )\ 2 d„(x)\ 

BcX \\XB\\Lf(X) Ub ) 



< 00, 



where the supremum is taken over all balls B of X . Moreover, the quantity appeared in 
the left-hand side of the above formula is equivalent to \\f\\-QMO M L {X) ■ 



Proposition 4.12. Let tp, L and M be as in Definition 4- 10. Then there exists a positive 

)M 



constant C such that, for all f G BMO^ L (X), 



SUP UZ~1\ \ L (I L ) e J\ x ) 7 ( < C \\j\\bMO m T (X)> 

Bex \\Xb\\lv(x) Ub t J v,^ > 

where the supremum is taken over all balls B of X . 

The following Proposition 4.13 and Corollary 4.15 are a kind of Calderon reproducing 
formulae. 

Proposition 4.13. Let <p, L and M be as in Definition 4-10, e G (0, 00) and M G N with 
M>M + e+ ^ + ^fj^y, where N , n, q{ip) and i(ip) are, respectively, as in (2.3), (2.2), 
(2.12) and (2.11). Fix x G X. Assume that f G M.¥(X) satisfies 



•p 

-1\M . 



(4 . 28) f K '^ + V:T? -***)<*> 

y ' J x 1 + [d(x,x )] N+e+2n io/P2 ^ > 
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for some qo G (<?(</?), oo) and P2 G (0, Then for all (99, M)-atoms a, 

(f, a) = C M f (t 2 L) M e- t2L f(x)t^Le-^a(x) 

JA"x(0,oo) 1 

where Cm is o positive constant satisfying Cm Jq° t 2 ( M+1 )e~ 2 * 2 ^ = 1- 

The proof of Proposition 4.7 is a skillful application of the Davies-Gaffney estimates 
(2.5), the i^oo-functional calculi for L and the uniformly upper type and lower type prop- 
erties of ip, which is similar to that of [57, Prposition 4.6]. We omit the details here. 

To prove that Proposition 4.13 also holds true for all / G BMO™ L (X), we need the 
following dyadic cubes on spaces of homogeneous type constructed by Christ [20, Theorem 
11]. 

Lemma 4.14. There exists a collection of open subsets, {Q^ C X : k G Z, a 6 Ik}, 
where Ik denotes some (possibly finite) index set depending on k, and constants 5 G (0, 1), 
ao G (0, 1) and Cq G (0,oo) such that 

(i) n(X \ L> a Q^) = for all k G Z; 

(ii) ifi>k, then either C Q k or Q* a n Q k = 0; 

(hi) for each (k,a) and each i < k, there exists a unique (3 such that Q\ C Q^; 

(iv) the diameter of Q k < C§5 k ; 

(v) each Q k a contain some ball B(z k ,ao5 k ). 

From Proposition 4.13 and Lemma 4.14, we deduce the following weighted version of 
[57, Corollary 4.3]. 

Corollary 4.15. Let <p, L and M be as in Definition e G (0, 00) and M G N with 

M>M + e+ ^+ 2^(y) > where N , n, q{ip) and i{(p) are, respectively, as in (2.3), (2.2), 
(2.12) and (2.11). 

Then for all (ip, M)-atoms a and f G BMOjf £ (#), 

(f, a) = Cm ! (t 2 L) M e- t2L f(x)t^Le-^a(x) 

JXx(0,od) t 

where Cm is as in Proposition 4.13. 

Proof. From M > M + e + ^ + , we deduce that there exist qo G (q(<p), 00) and 
P2 G (0, *(¥>)) such that M> M+e+f + |g. Let e G (0,M-M-f -gg). By Proposition 
4.13, we only need to show that (4.28) with such e holds true for all / G BMO^ L (<%"). 

Let all the notation be the same as in Lemma 4.14. For each j G Z, choose kj G Z such 
that C 6 6 k i < 2? < CeS**- 1 . Let B := B(x , 1), where x is as in (4.28), and 

Mj := {/3 G I k0 : D B(x , C & 8 k ^ 1 ) / 0} . 

Then for each j G Z+, 

(4.29) ?7 j ( J B)c5(xo,C 6 ^- 1 )c [J Qj»cB( S o,2C 6 ^-i). 
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From Lemma 4.14, it follows that the sets {Q^°}peMj are disjoint. Moreover, by (iv) and 
(v) of Lemma 4.14, we know that there exists Zg° G Q k ^° such that 

(4.30) B(z k °,a 5 k °) C Q k ° C B{zf ,C 6 5 ko ) C B(z k °,l). 

Then by Proposition 4.11, we know that 



(4.31) H:= 



/-(7 + L)-W(.)P ^ 



x 1 + [d(x,x )} N+€+2nq °/ p2 

v r |(/ -(i + L)- 1 )^)! 2 

^Ju j {B) l +^ X ^^ N+t+2nqa,P2 



dfi(x) 



1/2 



< ^2 2-i[( W + e )/ 2 +™90/p2] 



I E t ko \[l-{I + LY l ] M f{x)^ d^{x)\ 



1/2 



< ^ 2-i[( 7V + e )/ 2 + ri «'/P2] < 



X B(4°.i) 



EMsC^.i))]- 1 

x 1/2 



< ^2-^^Wp 2 ] [m(jB(x0)1))] -V2 £ 



BMO^(^)' 



It follows, from the choice of Icq, that <5 fc ° ~ 1, which, together with the definition of tp, 
implies that ||x B( / 0il) \\l<p(x) ~ Hx^/o^o) lli,^*)- B Y this and ( 4 -30), we conclude that 



(4.32) 



E 



~ E 



E 



X S(4°,ao<5 fc o) 



< 



< 



~ \\ X B(x ,2C'e>S^ L ) 



L<?{X) 
< 



L<p(X) 



Lf(X) 
X2ib\\l^{X) • 



Moreover, by qo £ (q(<p),oo), the uniformly lower type P2 property of ip and Lemma 
2.8(vii), we conclude that, for all j G Z+, 



Lb^V' y nq " /P2 \\XB\\L*(X) 



dfj,(x) 



<Q-3 n( lo, n (<23U HvdH -1 ^ < Q-jngo \ M 2 ^) \ , n (u || V dII _1 ^ 

<pyi b,\\Xb\\ Lv{x) ) \ J ^ v^'H^H^wJ 
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which implies that \\Xvb\\l*{x) < 2^^\\ 

XbWlv(x)- From this, (4.31) and (4.32), we 

deduce that 

H<[F(S(a;o,l))]- 1/2 ||XB||^ ( 



(x) \\J\\bmo^ l (x) < 00 > 



which completes the proof of Corollary 4.15. 



□ 



Now we prove that BMO™ L (X) is just the dual space of H Vj l{X) by using Corollary 
4.15. 

Theorem 4.16. Let L satisfy Assumptions (A) and (B), <p be as in (2.4) with ip G 
WR 2 /[2-i(<p)](X) and I {if) being as in (2.10), M G N with M > §[fg -\] and M G N 

with M > M + ^ + ^fj^-y, where n, N, q{ip) and i{ip) are, respectively, as in (2.2), (2.3), 
(2.12) and (2.11). Then the dual space of H Vj l(X), (H^l (X))* , coincides with the space 
BMO™ L {X) in the following sense: 

(i) Let g G BMO^ L {X). Then the linear functional t, which is initially defined on 

<at,fin(^) by 

(4.33) 



i{f) •■= <<?,/>, 



is a 



has a unique extension to H Vj l(X) with \\£\\(h v l {x)Y — ( ^'ll5 f llBMO M i (A')' where C 
positive constant independent of g. 

(ii) Conversely, let e G (n[q((p) / i(ip) — 1/2], oo). Then for any £ G {H^^iX ))*, 



there exists g G BMO^ L (^) such that (4.33) holds true for all f G H ( 
\\9\\bmo m L (X) — l(X))*> where C is a positive constant independent of I. 



ip, mol, fin 



(X) and 



Proof. Let g G BMO^ L (X). For any / G H^ at {in (X), by Proposition 4.9, we know 
that t 2 Le~ t2L f G T^(X x (0, oo)). From this and Theorem 3.1, it follows that there 
exist {Xj}j C C and T V {X x (0, oo))-atoms {aj}j supported in {Bj}j such that (3.2) 
holds true. Moreover, by the uniformly upper type p\ property of (p, we know that 
Ylj I'M ~ A({AjOj}j), where A({\ja,j}j) is as in (3.2). This, together with Corollary 4.15, 
Holder's inequality, Proposition 4.12, yields that 



\(g,f) I 



< 



< 



C M f (t*L) M e- t2L g( X )tiLe-^f(x) 
Jo Jx 1 

EM r I \(t 2 £) M e-<* L g(x)a j (x,t) *<*>* 
, Jo Jx 



El* 



illl a jllT 2 2 (A'x(0,oo)) 



(fL) M e^ L g(x) 



dfi(x) dt 



1/2 



t 



< WLe-^f 



T„(*x(0,oo)) I^UBMO-^W £ \\n\H^ L{ .X)\\9\\B^ L {xy 
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which, together with Proposition 4.9, implies that (i) holds true. 

Conversely, let £ G (H VtL (X))*. If g G M^' e {L), then g is a multiple of a (99, M, e)- 
molecule. Moreover, if e > n[q((p)/i(<p) — 1/2], then by Proposition 4.9, we see that 



g G H^ L {X), and hence M^' e (L) C H^ L (X). Therefore, £ G M%{X). 
Moreover, for any ball £ C Af, let <p G L 2 (-B) with 

| L2(B) < UB)] 1/2 \\xb\\iI {x) 



and /3 := (/- {I + r 2 B L)- 1 ) M <p. Obviously, = {r 2 B L) M (I + r 2 B L)~ M ' <j> =: L M b. Then from 
the fact that (I + r^L) -1 satisfies the Davies-Gaffney estimates (2.5) with [dist (E, F)] 2 
and t 2 , respectively, replaced by dist (E 1 , F) and t, we infer that, for each j G Z + and 
G {0, • • • , M}, 



(r|L) fc 6 



L2(C/,(B)) 



< 2M _ 



(/-(J + rlLrYU + rlL)-^), 
dist (B, Uj(B)) \ 



L 2 (U 3 (B)) 



C 3 r B 

<2-i'rf^(B)]^\\ XB \\ll m , 



i 



L 2 (B) 



where M G N and 2M > n[q(ip)/i(ip) -1/2]. Thus, /3 is a multiple of a (<p, M, e)-molecule. 
Since (I — (I + r 2 B LY l ) M £ is well defined and belongs to L 2 oc (X) for every £ G (0, 00), by 

W\\h ViL (x) % 1, we know that 



which further implies that 

[Ms)] 1 /* 



\(£, (I-(I + r 2 B L) 



-1\M 



4>)\ = \(t,P)\< 



l(ff f ,LW)*' 



XB\\L<P(X) 

^ sup 

M 1.2(B) 



{jf |(/-(/ + r |i)- 1 ) M <(x)| 2 *(x; 

f!|f -(, + , it) -.)MHyv 

<i \ IIxbIIlv^) 



1/2 



< 



From this and Proposition 4.11, it follows that £ G BMO^ L (X), which completes the 



proof of Theorem 4.16. 



□ 



Remark 4.17. By Theorem 4.16, we know that, for all M G N with M > §[|^ - ±], 



the spaces BMO ^ L (X) coincide with equivalent norms; thus, in what follows, we denote 
BMO^GY) simply by BMO V)L (*). 

Definition 4.18. A measure dji on X x (0, 00) is called a ip-Carleson measure if 



lid/ill^, := sup 



MB)] 



1/2 



BcA 1 \\XB\\lv(X) 



\dfj,(x,t)\ 



1/2 



< 00, 



where the supremum is taken over all balls B C X and B denotes the tent over B. 
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Using Theorem 4.16 and Proposition 4.12, we obtain the following (^-Carleson measure 
characterization of BMO^i(A'), whose proof is similar to that of [57, Theorem 4.2]. We 
omit the details. 

Theorem 4.19. Let L satisfy Assumptions (A) and (B), ip be as in Definition 2.4 with 
if G MM 2/[2 _ I{ip)] (X) and I(ip) as in (2.10), and M G N with M > §[fjg - ±], where 
n, q(<f) and i(<p) are, respectively, as in (2.2), (2.12) and (2.11). Then the following 
conditions are equivalent: 

(i) f €BMO v , L (X); 

(ii) / G M^(X) satisfies (4.28) for some q G (q(<p), oo), p 2 G (0,i(<p)) and e G (0, oo), 
and dfXf is a (p-Carleson measure, where dfXf is defined by 

2 d[x(x) dt 
t ' 

Moreover, ||/||bmo v l (x) an d \\d(J>f\\ip are comparable. 



dfif := 



(?L) M e^ L f(x) 



5 Equivalent characterizations of H^l(X) 

In this section, we establish several equivalent characterizations of the Musielak-Orlicz- 
Hardy space H V) l(X) in terms of the atom, the molecule and the Lusin-area function 
associated with the Poisson semigroup generated by L. We begin with some notions. 

Definition 5.1. Let L satisfy Assumptions (A) and (B), ip be as in Definition 2.4 and 
M G N with M > - |], where n, q(<p) and i(<p) are, respectively, as in (2.2), (2.12) 

and (2.11). A distribution / G (BMO VjL (X))* is said to be in the space H^ at (X) if 
there exist {Xj}j C C and a sequence {ctj}j of (ip, M)-atoms such that / = Ej ^j a j m 
(BMO^ L (^))* and 

J2v( B i'T\ — J <0 °' 

where, for each j, suppoy C Bj. Moreover, for any / G H^f^X), its quasi-norm is defined 
by ll/H^M r x \ := inf{A({Ajaj}j)}, where A({\jCtj}j) is the same as in Proposition 4.7 

ip , tit V / 

and the infimum is taken over all possible decompositions of / as above. 

Definition 5.2. Let L satisfy Assumptions (A) and (B), ip be as in Definition 2.4, M G N 
with M > f [f|^y — \] and e G ( n [fr^y ~~ §]>°°)> where n, q(tp) and i{tp) are, respectively, 
as in (2.2), (2.12) and (2.11). A distribution / G (BMO^l^))* is said to be in the space 
H^'^ oX (X) if there exist {\j}j C C and a sequence {(3j}j of (ip, M, e)-molecules such that 
/ = Ej in (BMO ¥ , L {X))* and 

ii — IT ) <0 °' 

where, for each j, (3j is associated with the ball Bj. Moreover, for any / G H^^ ol (X), its 
quasi-norm is defined by H/H^m, e (x s := inf{A({A J( 5j}j)}, where A({Aj/3j}j) is the same 

ip, mol V ' 
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as in Proposition 4.7 and the infimum is taken over all possible decompositions of / as 
above. 

For all / G L 2 (X) and x G X, define the Lusin area function associated with the Poisson 
semigroup of L by 



1/2 

(5.1) Spf(x) := I I ty/Le-^m 



dfi(y) dt 



V(x,t)t 



Similar to Definition 4.1, we introduce the space H v ^s P (X) as follows. 

Definition 5.3. Let L satisfy Assumptions (A) and (B) and ip be as in Definition 2.4. A 
function / G H 2 (X) is said to be in H^^Spi^) if Sp(f) £ ^{X); moreover, define 

H v . ap {X) ■= HM/)IU, W :=inf |AG (0,oo) : (x, ^D^Tj dp(x) < l} . 

The Musielak-Orlicz- Hardy space H v ^s P {X) is defined to be the completion of H Vt s P (^) 
in the quasi-norm || • \\ H ,^ Sp {x)- 

We now show that the spaces H^ L {X), H^ at (X), H^ ol (X) and H^ Sp {X) coincide 
with equivalent quasi-norms. 

5.1 Atomic and molecular characterizations 

In this subsection, we establish the atomic and the molecular characterizations of the 
Musielak-Orlicz-Hardy space H Vj l{X). First we need the following Proposition 5.4 whose 
proof is similar to that of [57, Proposition 5.1]. We omit the details. 

Lemma 5.4. Let L satisfy Assumptions (A) and (B) and p> be as in Definition 2.4- Fix 
t G (0, oo) and B := B(xq, R). Then there exists a positive constant C(t, R, B), depending 
on t, R and B, such that, for all <j> G L 2 {B), t 2 Le~ t2L <j) G BMO^l(^) and 



t 2 Le' 



< C(t,R,B)U\\ T2( s v 



From Lemma 5.4, it follows that, for each / 6 (BMO^l^))*, t 2 Le~ l L f is well defined. 
Indeed, for any ball B := B{xb,tb) and (f> G L 2 (B), by Lemma 5.4, we know that there 
exists a positive constant C(t, B), depending on t and B, such that 

\(t 2 Le- t2L f,<f>)\ := |</,t 2 Le- t2 M| < C(t,5)||^|| L2(B) ||/|| (BM0 ^ LW )*, 

which implies that t 2 Le~ t2L f G L 2 oc (X) in the sense of distributions. 

Theorem 5.5. Let L satisfy Assumptions (A) and (B), ip be as in Definition 2.4 with 
p G MM 2 /[ 2 -i( v )](X) and L{ip) as in (2.10), M G N with M > §[f^ - \] and e G 

(n[|^| — 7j],oo) ; where n, q{p) and i(p>) are, respectively, as in (2.2), (2.12) and (2.11). 

Then the spaces H^ ^X), H^ &t (X) and H^^ o] {X) coincide with equivalent quasi-norms. 
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Proof. By Theorem 4.16, we know that (H^ L (X))* = BMO ViL (X), which, together with 
Corollary 4.8, further implies that, for any / G H^^l^X), its atomic decomposition (4.13) 
also holds true in (BMO^ L (^))*. Thus, H VtL (X) C H™ at (X). Moreover, since every 
((p, M)-atom is a (<p, M, e)-molecule for all e G ( n [f^ — \], °°), the inclusion H^ at (X) C 
Col(^) is obvious. 

Let us finally prove that H^J lol (X) C H^ L (X). Suppose that / G ^^(-Y). Then 
there exist {A-,}-,- C C and a sequence {(3j}j of (if, M, e)-molecules such that / = J2j ^jfij 
in (BMO ViL {X)y and A({A j /3 i } j ) < 00. 

For all x G X, from Lemma 5.4, it follows that 




<^S L (A^)(x). 
i 

By this, the proof of Proposition 4.9 and Lemma 2.2(i) , we conclude that, for e G ("-[f^j — 

±],Oo), 

/ ^(x,5 L (/)(x)) d M (a;)<W ^^^(A^^^^^Bi,^ ), 

where, for each j, /3j is associated with the ball Bj, which further implies that ||/||h l (x) ^5 
A({Xj(3j}j). Then by taking the infimum over all decompositions of / as above, we see 
that 

\\f\\H VlL (X) < ll/llff^^*)' 
which completes the proof of Theorem 5.5. □ 

5.2 The Lusin area function characterization 

In this subsection, we characterize the space H ip ^(X) by the Lusin area function Sp 
as in (5.1). First, by using the subadditivity and continuity of ip, and the uniformly upper 
type pi property of ip for some p\ G (0,1], similar to the proof of [57, Lemma 5.2], we 
obtain the following auxiliary conclusion. We omit the details here. 

Recall that a nonnegative sublinear operator T means that T is sublinear and T(f) > 
for all / in the domain of T. 
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Lemma 5.6. Let L satisfy Assumptions (A) and (B), if be as in Definition 2.4 and M £ N 
with M > §[fn4 — \\, where n, q(<p) and i{(p) are, respectively, as in (2.2), (2.12) and 
(2.11). Suppose that T is a linear (resp. nonnegative sublinear) operator which maps 
L 2 (X) continually into weak-L 2 (X). If there exists a positive constant C such that, for all 
A £ C and ((/?, M)-atoms a, 

(5.2) / <p(x, T(\a)(x)) dn{x) < C<p [B, ^ ) , 

Jx V \\Xb\\Lv{X)/ 

then T extends to a bounded linear (resp. sublinear) operator from H (Pi l(X) to L V (X); 
moreover, there exists a positive constant C such that, for all f £ H (Pj l(X), \\Tf\\ Lv ^ < 

C\\f\\ HiPiL (X)- 

Theorem 5.7. Let L satisfy Assumptions (A) and (B), and (p be as in Definition 2.4 
with ip £ ^M2/[2~i(ip)](X) and I(ip) as in (2.10). Then the spaces H V ^(X) and H Vj s P (X) 
coincide with equivalent quasi-norms. 

Proof. We first prove H^ L (X) n H 2 (X) C H ViSp (X) n H 2 (X). From (2.7), it follows 
that Sp is bounded on L 2 (X). Thus, by Lemma 5.6, to prove that H^^X) n H 2 (X) C 
H^,s P {X) H H 2 (X), we only need to show that (5.2) holds true with T := Sp, where 
M £ N with M > §[f^y — \}- From (2.5), the subordination formulae associated with L 
(see, for example, [57, (5.3)]) and the uniformly upper type p\ £ [L(<^), 1] and lower type 
P2 £ (0,z (<£>)) properties of <p, similar to the proof of (4.5), we can show (5.2) holds true 
with T := Sp. We omit the details. 

Conversely, we show that H iPtSp {X)r\H 2 (X) C H^ L (X)C\H 2 (X). Let / £ H tp! s P {X)n 
H 2 (X). Then ty/Ze~ ty/Z f £ T^(X x (0,oo)), which, together with Proposition 4.6(h), 
implies that ir^, > i 1 {t\fLe~ t ^ J f) £ H ip ^r J (X). Furthermore, from the functional calculi, 
we infer that _ 

in L 2 (X), where is a positive constant such that Cq, J °° ^/(t)te - * y = 1 and is as 
in (4.2). This, combined with 7r^ ^t^/Le^ 1 ^ f) £ H^ L {X), implies that / £ H iP)L (X). 
Therefore, we know that H VtSp (X) n H 2 {X) C H^ L (X) n H 2 {X). 

From the above argument, it follows that H iPtSp (X)nH 2 (X) = H (f>:L (X) DH 2 (X) with 
equivalent norms, which, together with the fact that H^ Sf^) D H 2 (X) and H^ ^X) n 
H 2 (X) are, respectively, dense in H^^s P (X) and H lfit L(X), and a density argument, implies 
that the spaces g p (Af ) an d H^l^X) coincide with equivalent norms. This finishes the 
proof of Theorem 5.7. □ 



6 Applications 

In this section, we give some applications of the Musielak-Orlicz-Hardy space to the 
boundedness of operators. More precisely, in Subsection 6.1, we prove that the Littlewood- 
Paley (/-function gi is bounded from H <Pj l(X) to the Musielak-Orlicz space L lp (X); in Sub- 
section 6.2, we show that the Littlewood-Paley ^-function g* x L is bounded from H Vi l(X) 
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to L <P (X); in Subsection 6.3, we prove that the spectral multipliers associated with L is 
bounded on H^^l{X). 



6.1 Boundedness of Littlewood-Paley (/-functions g L 

We begin with the definition of the Littlewood-Paley ^-function gL associated with L. 

Definition 6.1. For all functions / G L 2 (X), the g- function <7l(/) is defined by setting, 
for all x G X, 

1/2 



9L(f)(x) :={^°°|t 2 L e -^/(-)| 2 f} 



To establish the main result of this subsection, we need the following Lemma 6.2, which 
is a simple corollary of (2.7). 

Lemma 6.2. Let L satisfy Assumptions (A) and (B) and gi be as in Definition 6.1. Then 
gL is bounded on L 2 {X). 

The main result of this subsection is as follows. 

Theorem 6.3. Let L satisfy Assumptions (A) and (B) and p be as in Definition 2.4 with 
ip G WM. 2 /\ i 2~i(i P )]{X) and I(p) as in (2.10). Then gL is bounded from H v ^l{X) to L ip {X). 

Proof. Let M G N with M > §[f|^j — 5], where n, q{p) and i(p>) are, respectively, as 
in (2.2), (2.12) and (2.11). Then there exist qo G (q(p), 00) and p 2 G (0,i(p)) such that 
M > f (^ — \)i is of uniformly lower type P2 and p G A qo (X). We first assume that 
/ £ H L 2 (X). To show Theorem 6.3, it suffices to show that, for any A G C and 

(ip, M)-atom a supported in the ball B := B{xb,tb)i 

(6.1) / p(x,g L (Xa)(x)) dfi(x) < <p ( B , ). 

Jx V \\Xb\\lv(x)/ 

Indeed, if (6.1) holds true, it follows, from Proposition 4.7, that there exist {Xj}j C C 
and a sequence {ctj}j of (i^,M)-atoms such that / = ][\ XjCtj in H^^iX) H L 2 {X) and 
A({Xjaj}j) < l (x)i which, together with Lemmas 6.2 and 2.6(i), and (6.1), implies 

that, for all A G (0,oo), 

j x v «ww ) *(.) <E j x f (*. 9L(Aj ° j)(:t ° ) *w 



< 



|A 



XWXBj \\Lv(X) 



where, for each j, suppaj C Bj. By this, we see that ||5l(/)||l¥>(a') ^5 ^-({XjCtj}j) < 
£,(■*)• Since H^l^X) n L 2 (X) is dense in H^l^X), a density argument then gives 
the desired conclusion. 
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Now we prove (6.1). First we see that 

(6.2) / ip(x,g L (\a)(x))d[i(x) = V / f(x, \\\g L (a)(x)) dfi(x) =: V Hj. 
Jx Juab) f-rf 



From the assumption ip G KH2/[2-/(p)](^ , )i Lemma 2.8(iv) and the definition of 1(f), 
we infer that, there exists p\ G [/(</?), 1] such that 99 is of uniformly upper type pi and 
ip G M2/(2-pi)(^)' When j g {0, ■ ■ • , 4}, by the uniformly upper type pi property of 99, 
Holder's inequality, ip G MH 2 /(2_p 1 )(- ; f) and Lemmas 6.2 and 2.8(vi), we know that 



(6.3) 



/ 

JUAB) V 



, 3 {B) 



\XB\\lv(X) 



(1+ [g L (a)(x)\\ X B\\ 



\XB\\lv(X) 



+ \\XB\\ P L V{x) \\gL{a)\\% 



(X) 



>2iB 



(f[X, 



. 1 2 _ 2 



2-Pl 
2 



|A| 



IxbIIlv(a') 



|A| 



IxbIIlv(a') 



When j G N with j > 5, from the uniformly upper type p\ and lower type P2 properties 
of ip, it follows that 

(6.4) Hj < ||xb||^ W / V |A|||xb|IZ^ w ) [9L(a)(x)r dfi(x) 



+ \\xb\\% {x) J v f (x, \X\\\xb\\11 (x) ) [g L (a)(x)r d»(x) =: E, + F,, 

To deal with Ej and Fj, we first estimate fjj.^ [9l(o:)(x)] 2 dfj,(x). By the definition of 
gL, we see that 

(6.5) / [g L (a)(x)} 2 dfi(x) = / / t 2 Le-* L a(^) d^x) - + 



Take s G (0,oo) such that s G (n[^ - |],2M). From (2.5), we infer that 



Lp 2 2J 



2 

i 2 Le~* L a(x) dfi(x) — 



(6.6) / / 

JO JUj{ 

~ {£' W^T } II«IH"(B, ~2- 2 '«ll«lli, (fl) <2—M(B)IIXBl 

Moreover, by the definition of a, we know that there exists b G L 2 (B) such that a = L M 6 
and ||6|| L 2(b) < r| M [/x(£)] 1/2 ||xB||^m- From this and ( 2 - 5 )' [t follows that 



-2 



^00 Z 1 
Jr B JUj{B) 



t 2 Ler l L a(x) dji(x) 



dt 
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< 



r B JU 3 (B) 



[ expj- 

Jr B I 



(t 2 L) M+l e~ t2L b(x) 



dfi(x) 



dt 



(grg) 



dt 



lL 2 (£) t 4M+ 



mi: 



t 2s 



dt 



{2ir B ) 2so t 4M+1 



l| 2 (B) 



<2- 2 ^>(i?)|| XB || L 2 w , 



which, together with (6.5) and (6.6), implies that 



(6.7) 



Uj{B) 



[ 9L (a)(x)} 2 d^x)<2-^ s y(B)\\xB\ 



Thus, by Holder's inequality, (6.7), ip G MM 2 /(2-p 1 )(X) and (2.2), we conclude that, for all 
j G N with j > 5, 



(6.8) 



Ei < \\ X b\\% 



(X) 



2J B 



iplx, 



Xb\ 



n 

2 



-1 

Lf(X) 



2 

2-Pi 



dfj,(x) 



2-Pi 
2 



[g L {a){x)] 2 dfx(x) 



< 



2/(2-pi) 



2- J ' PlS() [/x( J B)]i- 90 [/x(2^.B)] 90 -^^ J B, 

<2-^[-°- B ^-i)] v ,(B > |A||| Xfl || £ ; w 

Similarly, by using Holder's inequality, (6.7), </? G Ml 
Lemma 2.8(vii), we see that F,- < 2~ iP2[s °~ n( S^)] (/9 ( jB) | A | 
with (6.8), (6.4) and p\ > implies that, for each j G N with j > 5, 

tt < o-^>2[so-n(|2-_i)] / x 

H i ~ 2 P2 V \ X \\\XB\\ LV , {X) 

From this, sq > n{^- — ^), (6.2) and (6.3), we infer that (6.1) holds true, which completes 



r 1 i 



II 2/(2-p2)( Af ) and 

which, together 



the proof of Theorem 6.3. 



□ 



Remark 6.4. When X := R n , L is a nonnegative self-adjoint elliptic operator in L 2 (M n ) 
and if as in (1.2) with u = 1 and $ concave, Theorem 6.3 was obtained in [58, Theorem 
7.1]. 

6.2 Boundedness of Littlewood-Paley ^-functions g* X L 

In this subsection, we establish the boundedness of the Littlewood-Paley ^-function 
g x L associated with L from H (ft L(X) to L^^X). We begin with the definition of the 
Littlewood-Paley (/^-function g x L . 

Definition 6.5. Let A G (0, oo) and L satisfy Assumptions (A) and (B). For all / G L 2 (X), 
the g* x -function associated with L, g* x L (f), is defined by setting, for all x G X, 

\ 1/2 

2 d[i(y) dt I 



o Jx [t + d(x,y)_ 



t 2 Le- t2L f(y) 



V(x,t)tj 
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To prove the boundedness of g\ L from H (Pj l(X) to L tp (X), we need the following 
auxiliary conclusion. 



Lemma 6.6. Let a G (0,oo) and 



SUf)(x) :-- 



poo P 
JQ JB(x,<xt) 



t 2 Le- i2L f(y) 



\ 1/2 

2 dfijy) dt \ 
V(x,t)tj 



for all f G L 2 (X) and x € X . Then there exists a positive constant C such that, for all 
f G L 2 (X), ||S£(/)|| L 2 W < Ca n l 2 (\ + a) N l 2 \\f\\ L 2 {x) , where n and N are, respectively, 
as in (2.2) and (2.3). 



Proof By the definition of Sf, Fubini's theorem, (2.2), (2.3) and (2.7), we see that 

J X Jo JB(x,at) 

<a+W f 

Jx Jo 



V(x,t)t 



dfi(x) 



B(y,at) 



t 2 Le~ t2L f(y) 



2 d[i(x) dfj,(y) dt 



V(y,t) 



<a n (l + a) 



N 



X 



t 2 Le~ t2L f(y) 



dfi(y) dt 



<a n (l + a) 



N 



h{xy 



which is desired, and hence completes the proof of Lemma 6.6. 
Now we give the main result of this subsection. 



□ 



Theorem 6.7. Let L satisfy Assumptions (A) and (B), f be as in Definition 2.4 with 
f G MM 2 /[2-i(ip)](X) and I (f) as in (2.10), and X G ([2nq(f) + NI(f)]/i(f), oo), where n, 
N, q(f) and i(f) are, respectively, as in (2.2), (2.3), (2.12) and (2.11). Then the operator 
g* x L is bounded from H v>> l(X) to L Lp (X). 

Proof. Let M G N with M > and A G (\2nq(f) + NI(f)]/i(f), oo), where n, N, 

q(f), L{(p) and i(f) are, respectively, as in (2.2), (2.3), (2.12), (2.10) and (2.11). Then by 
the assumption f G MH2/[2-J(^)l Lemma 2.8(iv) and the definitions of q(f), 1(f) and 
i(f), we know that, there exist qo G (q(f), oo), p\ G [1(f), 1] and p 2 G (0,i(f)) such that 
M > t;(^ — i),A> (2nqo + Npi)/p2, f is of uniformly upper type p\ and uniformly lower 
type p2, and f G MM 2 /(2-p 1 )(X) H A qo (X). To show Theorem 6.7, similar to the proof of 
Theorem 6.3, it suffices to show that, for all 7 G C and (f, M)-atoms a supported in the 
ball B := B(xb,vb), 

(6.9) f f(x,gl L ( 1 a)(x)) d^x) < f ( B , ). 

Jx V \\Xb\\lv<x)J 



\XB\\lv(X). 

In order to prove (6.9), it suffices to show that, for all k G Z+, 

kj>2 2nq + Np 1 ^ 



(6.10) / f{x,2- k ^ 2 sf( ia )(x)) dn(x)<2- 



f[B, 



h\ ' 

\xb\\lv(x). 
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Indeed, if (6.10) holds true, from the definition of g* x L , it follows that, for all x G X, 



g* L (-ya){x) 



< 



poo r 
JO JB(x,t) 



fLe-t L { ia ){y) 



dfi(y) dt 
V(x,t) T 



+ 



x poo r 

E 2 ~ fcA / / 
k =i J ° Jb 



1/2 



B(x,2 k t) 



<£2-^f( 7 a)(*), 



fc=0 



which, together with (6.10), Lemma 2.6(i) and A > (2nqo + Np\)/p2, implies that 

„ OO „ 

J^(x,gl L ( 7 a)(x)) dn{x) <^ [x^^sf ( 7 a)(x)) d^x) 



k=0 

oo 



< 



_ fcP2 2"<?Q + iVpi 



P2 



k=0 



(B, 



Xb\ 



-l 

Lf(X) 



(B,h\\\xB\\- L l {x) ) ■ 



Thus, (6.9) holds true. 

Now we prove (6.10). For each k G Z+, let £ fc := 2 fc £. Then 

„ OO „ 

(6.11) / ^,2^ A /2^ (7a)(a;) \ d^) = E / 

For j G {0, • • • ,4}, then by the uniformly upper type p\ and lower type P2 properties of 
<p, Holder's inequality, ip G MM 2 /(2-p 1 )(,X), Lemmas 6.6 and 2.8(vi), we know that, for all 

k G Z_|_, 



(6.12) 



Uj{B k ) 



(x,2- kX / 2 Sl k ( 7 a)(x)) dfi(x) 
[ v(x,2- k ^\\ XB \\ L l {x) ) (l+ [Sf {a){x)\\ XB \\ L ^ x) ] P1 ) dn(x) 

<2- k ^/^{y +k Bm X B\\ L i (x) ] 



< 



, 2 -fcAp 2 /2|, ,,pi 



pi 

2 



(a)(x) dfi(x) 



2 

(^MIIxbIIZ^*)) 2 ~ P1 m 

< 2- k ^-^<p (fl, | 7 | ||xb|IZ; w ) + 2^2 
x[ 7 (2^ fc i?)]*-^[/,( J B)]-*v(^,l7lllXB||^ w ) 

< 2- fc (¥-^o-^)^ ^ | 7 ||| XB ||-i w ) . 



2-Pi 
2 



fcAp 2 fc(n+iV)p^ 



2 a 



"1 



Pi 



L 2 (X)WX-B\\ LV (x) 
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When j G N with j > 5, from the uniformly upper type p\ and lower type P2 properties 
of ip, we deduce that, for all k G Z + , 



(6.13) 



95 



(x,2- fcA /2^ (7a)(x) ^ d/i(x) 

(—1 \ r 2 k 1 ^ i 
^.MIIxbII^^J [S l (a)(a;)J 

l7lllXfl|IZi W ) K («)(x)] P2 d M (x) 



^■(Sfc) 



<2- fe ^/ 2 || XB ||£ 

+2 - fe A P2 /2 ||xB|| ^ w /• 
='■ Hj ; fe + Ij 5 fc. 



a; 



To estimate EL^ and h,^, we need to estimate fu.(B k ) ( a )( x )\ 2 d[i(x). We first see 
that 



(6.14) I 
Jv 



U 3 {B k ) 



S L ( a )( x )\ dfi(x) 

=/ ri i^-"wfe)f m$M + [ r- 

Ju.j(B k )Jo JB{x,2H) v{X,t) t JUj{B k )Jr B 

Take s G (0, 00) such that s G (^[^ — ^],2M). Moreover, for each j G N with j > 5 
and fc G Z+, let Uj(B k ) := {z £ X : T~ 2 2 k r B < d(z,x B ) < 2^ +1 2 k r B }. Then for any 
x G Uj(Bk), t G (0, tb) and y G X with d(x,y) < 2 k t, we see that y G Uj(Bk). From this, 
(2.3), Fubini's theorem and (2.5), it follows that 



(6.15) ^<^ N+n) f B l~ *L*-* L {a)(y) 

JO JUj{B k ) 



dfi(y) dt 



< 2 k ( N + n )\ 



a 



pi+*r B ] 2 



P- dt 



< 2 -2js2- fc ( 2s - Ar - n )|U||2 



LHB)- 



Furthermore, by the definition of a, we know that there exists b G L 2 {B) such that 
a = L M b and \\b\\ L 2 {x) < r B M [^{B)) l l 2 \\xB\\ll {x y From this, we deduce that 



(6.16) K, fc 



2 j ~ 3 r B 
U 3 (B k ) Jr B 



+ 



JUj(B k ) Jl 



2i-*r B 



{t 2 L) M+1 e~ t2L 

B{x,2 k t) ' 

■ Kj )fc> i +Kj ifc)2 . 



(b)(y) 



dji{y) dt 



V(x,t) t iM + l 



dji{x) 



We first estimate Kj-^i. Let x G Uj(Bk), t G [re, 2^ 3 re) and i/ 6 ^ with d(x,y) < 2 k t. 
d(y, x B ) < d(x, y) + d(x, x B ) < 2 k t + 2^2% < 2- ?+1 2 fc r B 



Then 
and 



d(y,x B ) > d(x,x B ) - d(x,y) > 2^~ x 2 k r B - 2^ 6 2 K r B > 2^ d 2«r B . 
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From this, (2.3), Fubini's theorem and (2.5), we infer that 

i-3 r£( [23 +fc- 



(6.17) 



f2i- 3 r B f 

K j , fc , 1 <2^)/ / (t 2 L) 



M+l e -t 2 L 



dfj,(y) dt 

£4M+1 



<2^)||6||| 2(B) / 

Jr 



<2- 2js 2- k{2s - N - n) »(B)\\XB\\- L 2 v{xy 



For K^fc^, by (2.3), Fubini's theorem and (2.5), we see that 

'2i- 3 r B 



K J ,k,2<2 k ^\\b\\l H B ) J 2j 



r[+T < 2 -2js 2 k(N + n) KmxBl 



-2 



which, together with (6.17) and (6.16), implies that, for all j G N with j > 5 and /c G Z + , 

K J - fe <2-^2 fe ^) / ,(S)|| XB ||- v 2 w . 
From this, (6.14) and (6.15), it follows that, for all j G N with j > 5 and A; G Z + , 

(6.18) / 



-2 

\L'-p{X)- 



sf{a){x)\ dn(x) < 2~ 2 ^ N+n ^(B)\\XB\ 
By (6.18), Holder's inequality, ip G MM 2 /(2- Pl )(X) and Lemma 2.8(vii), we conclude that 

2 



k\p2 



(6.19) H j)fc <2-^||xb||^ ( b) 



V 7 



2 



Uj(B k ) 



Si (a)(x) dfj,(x) 



El 

2 



sr * ll .-„ ( | ; -J, l2 -Wi---S) v ( iJ ,| 7 ||| XB || ; . OT ). 



For I^fc, similar to (6.19), we see that 



Uj(B k ) 



<P 



2 



2-P2 
2 



P2 
2 



<2-T i 2-f«2^ J [ M (2'+ t B)]«>-lf[, 1 (B)]f-«v(B,| 7 ||| XB ||-J (;f) ) 
<2--'-»(S-»l2-"^-^-*),(^l7lllXBl|- m ). 
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which, together with (6.11), (6.12), (6.13), (6.19), pi > p 2 and s > n(g - ±), implies that 



/ ^(x,2- feA /2 5 2 M(x) ^ Mx) < 2 --(^ »— V(s,|7lllXB||£i W )- 

From this, we deduce that (6.10) holds true, which completes the proof of Theorem 6.7. □ 

Remark 6.8. We remark that when X := W l and L := —A, g* x L is just the classical 
Littlewood-Paley (/^-function. 

Let p G (0,1], u G A g (R n ) with q G [l,oo) and <p(x,t) := w(x)t p for all x € R n and 
t G [0, oo). We point out that, in this case, the range of A in Theorem 6.7 coincides 
with the result on the classical Littlewood-Paley ^-function on M. n (see, for example, [1, 
Theorem 2]). 

By Theorem 6.7 and the fact that Sl(/) < gX £,(/) pointwise for all / G L 2 (X), we 
immediately deduce the following Littlewood-Paley (^-function g^ L characterization of 

Corollary 6.9. Let L satisfy Assumptions (A) and (B), g* x L be as in Definition 6.5 and 
ip as in Definition 2.4 with ip G ^&2/[2-i(tp)](X)> where !(</?) is as in (2.10). Assume 
further that A G ([2nq(ip) + NI((p)]/i(tp), oo), where n, N, q{ip) and i(<p) are, respectively, 
as in (2.2), (2.3), (2.12) and (2.11). Then f G H V)L (X) if and only if g\ L {f) G Lf{X); 
moreover, \\f\\n v L (x) ~ \\9*\ l(/)IU* > (at) with the implicit constants independent of f. 

6.3 Boundedness of spectral multipliers 

In this subsection, we prove a Hormander-type spectral multiplier theorem for L on the 
Musielak-Orlicz-Hardy space H^^^X). We begin with some notions. 

Let L satisfy Assumptions (A) and (B), and m(L) be as in (1.1). Let <fi be a nonnegative 
function on R such that 

(6.20) supp^ C (1/4,1) and 0(2 - *A) = 1 for all A G (0,oo). 

lei 

Let s G [0, oo). Recall that C S (IR) is the space of all functions m on R for which 



\m\\ C s 



Vsup|m (A;) (A)|, s G Z_|_, 

fc=0 AGM 

W 

||m(W)|| Lip(s _ W) +^sup|m«(A)|, s G* Z + 



fc=0 A£R 



is finite, where m^ fc ^ with k G N denotes the k-order derivative of m, and ||m^ s J)|| Lip ^_^ s j^ 
is defined by 

| m (W)( x ) _ m (W)( y )| 

si_ip 



m (L-J) 



* — uu.^ ill 

Now we state the main result of this subsection as follows. 
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Theorem 6.10. Let L satisfy Assumptions (A) and (B) and 92 be as in Definition 2.4 
with ip G WH. 2 /[2-l(ip)](X), where I ((f) is as in (2.10). Assume that <p is a nonnegative 
C£°(R) function satisfying (6.20). If the bounded Borel function m : [0, oo) — > C satisfies 
that, for some s G (^[f^y — 5]) 00 ); where n, q(ip) and i((p) are, respectively, as in (2.2), 
(2.12) and (2.11), 

(6.21) C(<f>, s) := sup U(-)m(t-)\\ C s (R) + |m(0)| < 00, 

te(o,oo) 

then m(L) is bounded on H v ^l(X) and there exists a positive constant C such that, for all 

\\m{L)f\\ HvMX) <C\\f\\ HvMX) . 

Remark 6.11. (i) A typical example of the function m satisfying the condition of Theorem 
6.10 is m(A) = A* 7 for all A G M and some real-valued 7, where i denotes the unit imaginary 
number (see Corollary 6.13 below). 

(ii) Theorem 6.10 covers the results of [38, Theorem 1.1] in the case when p 6 (0, 1], by 
taking ip(x, t) := t p for all x £R n and t G [0, 00). 

To prove Theorem 6.10, we need the following Lemma 6.12. 

Lemma 6.12. Let 92 and L be as in Theorem 6.10, and m a bounded Borel function and 
M G N with M > f [f^y - \\, where n, q(ip) and i(<p) are, respectively, as in (2.2), (2.12) 

and (2.11). Assume that there exist D G ( n [f^y — an d C G (0, 00) such that, for 

every j G {2, 3, • • • }, any ball B := B(xb,tb) and f G L 2 (X) with supp f C B, 

(6-22) \\m(L)(I - z- r%L ) M f\ L2(Uj{B)) < C2-^||/|| i2(B) . 

Then m(L) can extend to a bounded linear operator on H v ^l(X). More precisely, there ex- 
ists a positive constant C such that, for all f G H lfit £ J (X), ||m(L)/||^ L ( X ) < CH/Hf^ l (x)- 

Proof. We borrow some ideas from [38]. Notice that since H ip ^l(X) n H 2 (X) is dense in 
H v ,l(X), we can define m(L) on H ip>L (X)C\H 2 (X). Once we prove that m(L) is bounded 
from H ip ^L(X)nH 2 (X) to H IP: l(X), by a density argument, we then see that the operator 
m(L) can be extended to H Vj l(X). 

Let / G H ViL (X) n H 2 (X) and M G N with M > §[f£4 — §]. To prove the desired 
conclusion, it suffices to prove that, for any (if, 2M)-atom a, m(L)a is a constant multiple 
of a (<f, M, e)-molecule with e G ( n [f^r ~~ 5]) °°)- Indeed, if this holds true, by Proposition 
4.7, we know that there exist {Aj} C C and a sequence {ctj}j of (92, 2M)-atoms such 
that / = ^Xjttj in H^ L (X)r\L 2 (X) and A({A j a i } j ) < \\f\\ H ^ L {xy From this and 
the L 2 (Af)-boundedness of m(L), we infer that m(L)f = J2j Xj(m(L)aj) is a molecular 
decomposition of m(L)f and 

\\™(L)f\\ < A({A i (m(L)a j )} i ) < A({A,a J } J ) ~ ||/|| 

H V: l(X) ■ 
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Let a be a (ip, 2M)-atom. Then there exists a function b G V(L 2M ) such that a = L 2M b 
satisfies (ii) and (iii) of Definition 4.3. From the spectral theory, it follows that m(L)a = 
L M (m(L)L M b). Furthermore, by the definition of (ip, M, e)-molecules, it remains to prove 
that, for all k G {0, • • • , M} and j G Z+, 



(6.23) 



{r z B Lfm{L)L M b 



<2-^rl M [^B)\ l/2 \\XB\ 



-l 



From the L 2 (Af)-boundedness of m(L), the i^oo-functional calculi for L and (2.5), similar 
to the proof of [38, (3.4)], it follows that (6.23) holds true. We omit the details and hence 
complete the proof of Lemma 6.12. □ 

Now we give the proof of Theorem 6.10 by using Lemma 6.12. 

Proof of Theorem 6.10. We borrow some ideas from [33, 38]. Since that m satisfies (6.21) 
if and only if the function A — > m(A 2 ) satisfies the same property, similar to the proof of [38, 
Theorem 1.1], we may consider m(\/Z) instead of m(L). By m(A) = m(A) — m(0) +m(0), 
we know that m(\/Z) = ("i( - ) — m(0))(\/£) + m(0)I. Replacing m by m — m(0), without 
loss of generality, we may assume, in the following, that m(0) = 0. Let be a function as 
in (6.20). Then for all A G (0, oo), 

m(A) = J>(2~ £ A)m(A) =: £m*(A). 



Moreover, from (1.1), it follows that the sequence ^ 

^7V 



N 



N mi(^/L) converges strongly in 
l?(X) to m{y/Ti). We shall prove that X^fc-jv m ^(V^) is bounded on H lfit i(X) with its 



bound independent of N. This, together with the strong convergence of (1.1) in L 2 (X), 
the fact that H v , j l(X) n L 2 {X) is dense in H <Pj l(X) and a density argument, then gives 
the desired conclusion. 

Now fix s G R with s > n[q(ip)/i((p) - 1/2]. Let M G N with M > s/2. For any feZ, 



r, A G (0,oo), we set F r , M (A) := m(A)(l - e~( rA ) ) M and F/ M (A) := mj(A)(l 
Then we see that 



-(rA) 2 -jM 



(6.24) 



ml 



(VZ)(7 - e^ 2L ) M = F r , M (vX) = lim £ ^, M (vX) 

/V — ^(Yl ' ■* 7 



iV 



£=-N 



in L 2 (<Y). Fix a ball For all b G 7 2 (^) with suppfr C B, by using the L 2 (X)- 
boundedness of m(L) and (6.20), similar to the proof of [38, (4.8)], we know that, for all 
I G Z and j G N with j > 3, 



(6.25) 



r B ,M 



(VT)6 



< 



C(0, s)2-^(2%)~ s min|l, (2' 



r B ) 2M } 



Il 2 (b)> 



which, together with (6.24), s > n[q((p) / i(ip) — 1/2] and M > s/2, implies that, for all 
j G N with j > 3, 



m(VZ)(I -e- r B L ) M b 



L 2 (Uj(B)) 
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N 

<2-^Jim o (2 e r B )- s mm{l,(2 e r B ) 2M }\\b\\ L2(B) 



£=-N 



< 2~ js 



{££Z:2 e r B >l} 



{teZ:2*r s <l} 



Il 2 (b) 



< 2~ J ' S 



Il 2 (b)- 



By this, we know that the assumptions of Lemma 6.12 are satisfied, and hence the desired 
conclusion of Theorem 6.10 holds true, which completes the proof of Theorem 6.10. □ 

In the following corollary, we obtain the boundedness of imaginary powers of self-adjoint 
operators on Musielak-Orlicz-Hardy spaces H v , j l(X). 

Corollary 6.13. Let ip and L be as in Theorem 6.10. Then for any 7 G R, the operator 
L 1 " 1 is bounded on H V) l(X). Moreover, for any e G (0, 00), there exists a positive constant 
C(e), depending on e, such that, for all f G H IP) l(X), 



ll^ 7 /lk, iW <C(e)(l + |7ir^ 



ip, L 



(*)> 



where n, q{ip) and i{ip) are, respectively, as in (2.2), (2.12) and (2.11). 

Proof. We apply Theorem 6.10 with m(A) := A* 7 for all A G (0, 00). In this case it is easy 
to show that, for s > n[q(tp) / i((p) — 1/2], C(0, s) < (1 + |7|) s , where C(<p, s) is as in (6.21) 
(see, for example, [38, Corollary 4.3]). From this, (6.25) and the proof of Theorem 6.10, 
we deduce that, for all e G (0, 00), there exists a positive constant C(e), depending on e, 
such that, for all / G H ipt i J (X), 



\\L^f\\ H ^ L{x) <C(e)(l + h\r [ ^ 
which completes the proof of Corollary 6.13. 



ip, L 



(*)> 



□ 



7 Applications to Schrodinger operators 

In this section, let X := W 1 and 
(7.1) L:=-A + V 

be a Schroldinger operator, where < V G Ll oc (W n ). We establish several equivalent 
characterizations of the corresponding Musielak-Orlicz-Hardy spaces H^^l^X), in terms of 
the atom, the molecular, the Lusin-area function associated with the Poisson semigroup of 
L, the non-tangential and the radial maximal functions associated with the heat semigroup 
generated by L, and the non-tangential and the radial maximal functions associated with 
the Poisson semigroup generated by L. Moreover, we prove that the Riesz transform 
VL~ 1/2 associated with L is bounded from i^ jL (R n ) to L^(R n ) when i(ip) G (0, 1], and 
from L(R ra ) to the Musielak-Orlicz-Hardy space H^^W 1 ) introduced by Ky [63] when 

<(v)e(i,i]. 
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Since V is a nonnegative function, from the Feynman-Kac formula, we deduce that the 
kernel of the semigroup e~ tL , ht, satisfies that, for all x, y G R n and t G (0,oo), 

»/2 j \ X ~V\ 2 



0< ht(x,y) < (47rt)-^exp|- |; 

Remark 7.1. (i) By Remark 4.2(i), we know that, in this case, H 2 (R n ) = L 2 (R n ). 

(ii) In this section, for the sake of convenience, we choose the norm on ]R n to be the 
supremum norm; namely, for any x = {x\, X2, • • • , x n ) G R n , \x\ := max{|xi|, • • • , \x n \}, 
for which balls determined by this norm are cubes associated with the usual Euclidean 
norm with sides parallel to the axes. 

It is easy to see that L satisfies Assumptions (A) and (B), which, combined with The- 
orems 5.5 and 5.7, immediately implies the following conclusions. We omit the details. 

Theorem 7.2. Let L be as in (7.1) and ip as in Definition 2.4 with tp G RE^/p-iY^)] {^ n )> 
where I (if) is as in (2.10). Assume further that M G N with M > §[f^y — |] and 
e G ( n [ffev ~~ 5]) 00 ); where n, q(p) and i((f) are, respectively, as in (2.2), (2.12) and 

(2.11). Then the spaces H VtL (R n ), H^ at (R n ), H™£ ol (R n ) and F (/Pj5p (IR n ) coincide with 
equivalent quasi-norms. 

For any /3 G (0, 00), / G L 2 (R n ) and x G R n , let 
<(/)(*) := sup e- t2L {f){y) , M P P {f){x) := sup ^(/Xy) 



yeB(x,pt),te(0,oo) 



yeB(x,pt),te(0,oo) 



K h (f)(x) := su Pte(0iOo) |e- t2L (/)(x)| and K P (f)(x) := sup te(0jOo) |e^(/)(x)|. We de- 
note Nfr(f) and Np(f) simply by Mh{f) and Afp(f), respectively. 

Definition 7.3. Let L be as in (7.1) and ip as in Definition 2.4. A function / G H 2 (R n ) is 
said to bein^ iA rJ]R n ) i£Af h (f) G L^(R n ); moreover, let \\f\\ Hv ,„ h <jt») ■= IM(/)||l*(r»)- 
The Musielak-Orlicz-Hardy space H^ t x h (^ n ) is defined to be the completion of H ip ^ h {R n ) 
with respect to the quasi-norm || • ||^ M (Rn). 

The spaces H Vt _\f p (R n ), H iP: n h (R n ) and H, Pj ji p (R n ) are defined in a similar way. 

Then we give the following several equivalent characterizations of H Vt L(R a ) in terms 
of maximal functions associated with L. 

Theorem 7.4. Assume that <p and L are as in Theorem 7.2. Then the spaces H Vt L(R n ), 
H^ Mh (R n ), H^x P {^ n ), H^n^R 11 ), H^ np (R n ) andH^ Sp (^ n ) coincide with equivalent 
quasi-norms. 

Remark 7.5. Theorem 7.2 completely covers [57, Theorem 6.1] by taking ip as in (1.2) 
with cu = 1 and <3? concave. Theorem 7.4 completely covers [57, Theorem 6.4] by taking 
ip as in (1.2) with oj = 1 and satisfying that <I> is concave on (0, 00) and there exist 
qi, #2 G (0, 00) such that q\ < 1 < (72 and [<&(t q2 )] qi is a convex function on (0, 00). 
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To prove Theorem 7.4, we first establish the following Proposition 7.6. 



Proposition 7.6. Let (p and L be as in Theorem 7.2. Then i^ jA r P (IR n ) n L 2 (R n ) C 
Htp,s P (^ n ) H L 2 (M. n ). Moreover, there exists a positive constant C such that, for all f G 
<^(R»)nL 2 (R»), \\f\\H v ,s P m ^ c\\f\\ H ^ p{Rn) . 

To prove Proposition 7.6, we first introduce some notions. Let a G (0, oo) and e, R G 
(0, oo) with e < R. For / G L 2 (IR ra ), define the truncated Lusin- area function S p ,R,a (f)(x) 
for all x G 1", by setting, 



oe, R, a 



(/)(*) := 



/ H ty/Le-^ifXy) 



dy dt 



1/2 



where 
(7.2) 



r^(x):={(y,t)GlR n x(e,i?): \x - y\ < at}. 



Then we have the following conclusion about the truncated Lusin-area function. 

Lemma 7.7. Let 92 be as in Definition 2.4 and a, f3 G (0, 00). T/jen /or all < e < R < cc 
and f G L 2 (R n ), 

[ tpUsZ^tfXxj) dx~ f vUs p ^{f){x)) dx, 
where the implicit constants are independent of e, R and f. 

Proof. First we recall two useful conclusions established in [23]. Let a, j3 G (0, 00), e, i? G 
(0, 00) with e < R. Then for any closed subset F of M n whose complement has finite 
measure and any nonnegative measurable function H on W 1 x (0, 00), 

(7.3) III „ H(y,t)dydt\ dx < f H(y,t)t n dy dt, 



where T e d R (x) is as in (7.2), lZd R {F) := ^J x ^pT% R {x) and the implicit constants are 
independent of F, e, R and H. Let 7 G (0, 1) and F* be as in Section 3. Then 



(7.4) 



/ 



H(y, t)t n dy dt 



< 



e, R 



(*) 



H(y, t) dy dt > dx. 



Let a, (3 e (0, 00). Without loss of generality, we may assume that a > (3. Let 
e, R G (0, 00) with e < R and / G L 2 (M n ). Fix A G (0, 00). Let 7 G (0, 1), F := {x G M n : 
5^ i? ' /3 (/)(x) < A} and O := R n \ F. Assume that F* and O* are as in Section 3. Then 
by (7.3) with F := F* and H(y,t) := \ty/Le~ tVZ (f)(y)\ 2 t-^ n+1 \ we know that 



S e p R ' a (f)(x) 



dx < 



■K± R {F*) 



t^Le- tVI {f)(y) \- 1 dydt. 
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This, combined with (7.4) by choosing H(y,t) := \tVLe~ ty/Z (f)(y)\ 2 t-^ n+1 \ yields that 



(7.5) 



/ 



S e p R ' a (f)(x) 



dx < 



a e, R, P 



(/)(*) 



dx. 



Let q G (q(ip), oo). Then 92 G A g (IR ra ), which, together with (7.5) and Lemma 2.8(vi), 
implies that, for all t G (0, 00), 



[ 

J{xm n : S^ R '' 



(/)(*)>*} 



<p(x, t) dx 



< 



< 



< 



/ (p(x,t)dx + 
Jo; J{. 



xeF*: S e A R,a (f)(x)>X} 



{xm n : M(xo)(x)>l-l} 



<p(x, t) dx + 



{xeF*: S^ Q (/)(:r)>A} 



/ \ X o(x)\ q <p(x,t)dx + ^ [ 

jR n A JF 



S% R ^{f){x) tp(x,t)dx 



S^ R ^(f)(x) <p{x,t)dx. 



~ / <f(x,t) dx + / 

J{xeR n : 5^ fl ' ,3 (/)(x)>A} A JF 

From this, the fact that (p(x,t) ~ f* for all x G M n and t G (0,oo), Fubini's 

theorem and the uniformly upper type p\ property of <p with p\ G (0, 1], it follows that 

^(x,S P ^ a (f)(x)) dx 

^dt\dx 



S^ R ' a (f)(x) 



< 



(p(x,t) 



zGR": S e ji R ' a {f)(x)>t} t 



n 

/*°° 1 /■ 
* ./{z 

^(x,^ r ^(/)(x)) dx+ / (r 



xeR": S^ R ^(f)(x)>t} 



ip(x,t)dxdt+ I -3 / Sp R (f)(x) ip(x,t)dxdt 



* 3 

i 3 



(/)(*) 



/ V (x,S^ R ^(f)(x)) dx+ f \s% R '\f){x)] 2 P \Us% R >\f){x)) 



^-rftldx- J^<p(x,S$* P tf){xj) dx, 



which completes the proof of Lemma 7.7. 



□ 



Let a G (0, 00) and e, R G (0, 00) with e < R. For / G L (M n ), define the truncated 



Lusin-area function Sp R ' a (f)(x) for all x G R n , by setting, 



^ R '°(/)(x) := 



r£ R (x) 



tVe-^(f)(y) 



dy dt 



1/2 
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where T^ jR (x) is as in (7.2) and V := (V,<9 t ). When a = 1, we denote S% R,1 (f) simply 
by S% R {f). Obviously, for any a G (0,oo), e, R G (0,oo) with e < R and / G L 2 (M n ), 
S e £ R ' a {f) < Sy, R ' a {f) pointwise. Now we give the following Lemma 7.8, which establishes 
a "good-A inequality" concerning the truncated Lusin-area function Sp' ' a and the non- 
tangential maximal function A/p. 

Lemma 7.8. There exist positive constants C and eo £ (0, 1] such that, for all 7 G (0, 1], 
A G (0,oo), e, i? G (0,oo) with e < R, f G i^ iA /- p (R n ) D L 2 (R n ) and 4 G (0,oo), 

(7.6) / ip(x,t)dx 

< C7 eo / <p(x, t) dx. 

■/{zeR™: S P ' fi ' 1/2 (/)(:r)>A} 

Proof. We prove this lemma by borrowing some ideas from [8, 7, 95]. Fix < e < R < 00, 
7 G (0, 1] and A G (0, 00). Let / G fl^^R") n L 2 (R n ) and 



O 



:={xGM n : Sp^' 1/2 (/)(x) > a} 



It is easy to see that O is an open subset of W a . Let O = DkQk be the Whitney de- 
composition of O, where {Qk}k are closed dyadic cubes of W a with disjoint interiors and 
2Q k C O, but (4Qk) n C / 0. To show (7.6), by O = U k Qk and the disjoint property of 
{Qk}k, it suffices to show that there exists eo G (0, 1] such that, for all k, 



dx. 



(7.7) / <p(x,t)dx < 7 eo / <p(x,t) 

J{xeQ k : Sj; ii ' 1/20 (/)( :E )>2A,Ar P (/)( a; )< 7 A} JQ k 

From now on, we fix k and denote by Ik the sidelength of Qk- 
II x £ Q k , then 

(7.8) ^ ax{10/fc ' £} ' i? ' 1/20 (/)( a; ) < A. 

Indeed, pick x k G 4Q fc n C . For any G R n x (0, 00), if |x — y| < ^ and t > 

max{10Zfc, e}, then \xk — y\ < |xjt — x| + |x — y| < + < |, which implies that 

r max{10« fc , £} , c r m«{10I fcl e}, R (xfc) _ ^ it foUows ^ 

^max{10Z fc ,e},R, 1/20^^ < gmax{l(M fc , e}, i£, 1/2 ^^.^ < ^ 

Thus, (7.8) holds true. 

When e > 10Z fc , by (7.8), we see that 

[x G Q fc : ^ 1/2 °(/)(x) > 2A, A/>(/)(x) < 7 a} = 

and hence (7.7) holds true. When e < 10Z fc , to show (7.7), by the fact that Sp^' 1/20 (/) < 
s£ 10,fc,1/20 (/) + sp 0lk ' R ' 1/20 (f) and (7.8), it remains to show that, for all t G (0,oo), 



(7.9) / v(x,t)dx<Y° [ 

J{xeQ k nF: g(x)>\} JQ, 



<p(x, t) dx, 
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where g := S ^ 10lk ' 1 / 20 (f) and F := {x G R n : M P (f){x) < 7 A}. 
To prove (7.9), we claim that 

(7.10) \{xeQ k nF: g(x)> \}\< 7 2 \Q k \. 

If (7.10) holds true, it follows, from the fact that ip G A^M" - ) and Lemma 2.8(v), that 
there exists r G (l,oo) such that ip G MI r (IR n ), which, together with (7.10) and Lemma 
2.8(viii), implies that, for all t G (0, oo), 



hr/ ^■«)^s{ i{ ' 6ftn ^, tw>A}i r" / ' 



< J2(r-l)/r 



Let e := 2(r - l)/r. Then f {xeQk<lF . 9(:e )>a} l f(x,t)dx < j e °ip(Q k ,t), which implies that 
(7.9) holds true. 

Now we show (7.10). By Tchebychev's inequality, we know that (7.10) can be deduced 
from 

(7.11) / [9(x)] 2 dx< ( 7 A) 2 |Q fc |. 

JQ k nF 

From the Caccioppoli inequality associated with L (see, for example, [51, Lemma 8.3]), 
the differential structure of L and the divergence theorem, similar to the proof of [95, 
(3.9)], it follows that (7.11) holds true. We omit the details and hence complete the proof 
of Lemma 7.8. □ 

Now we prove Proposition 7.6 by using Lemmas 7.7 and 7.8. 

Proof of Proposition 7.6. Assume that / G H^ p (R n ) n L 2 (R n ). Take p 2 G {0,i(tp)) such 
that ip is uniformly lower type By Lemma 2.6(h), we know that ip(x,t) ~ Jq ds 
for all x G R n and t G (0, oo), which, together with Fubini's theorem and Lemma 7.8, 
implies that, for all e, R G (0, oo) with e < R and 7 G (0, 1], 



(7.12) / p(x,S p ^ 1/20 (f)(x)) dx 



/ / 

JR n JO 



dt dx 

1 t 

1 



< 



(p(x,t)dxdt 

t J{xeR": S£ fl ' 1/20 (/)(*)>*} 

1 - / (p(x,t)dxdt 

JO t J{xeR n : Np(f)(x)>jt} 



JO * J{2 



{zelR™: 5j fl ' 1/2 (/)(a;)>t/2} 
7 ./{zeR™: A/p(/)(ai)>t} i 
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+7 e ° r i 

Jo J{xm n : S'j; R ' 1/2 (f)(x)>t} 

<p(x,Af P (f)(x)) dx + Y' I v(x,S e p R ' 1/2 (f)(x)) dx. 

7 JR n JR n v 7 

Furthermore, by (7.12), Lemma 7.7 and Sp R ' 1 ^' 2 '(f) < Sp R (f) pointwise, we conclude 
that, for all 7 G (0, 1], and e, i? G (0, 00) with e < R, 

/ ¥ (x,Sp R (f)(x)) dx~ ip(x,S^ R ' 1/20 (f)(x))dx 

- / <p(x,Af P (f)(x)) dx + Y° I ¥>(x,S^ R (f)(x)) dx, 

7 JR n il" v 7 



< 



which, together with the facts that, for all A G (0, 00), Sp R (f/X) = Sp R (f)/X and 
Np(f /A) = Afp(f)/\, implies that there exists a positive constant C such that 

(7.XS, / X^p'U 



< C 



A 

7 JR" V A / J K n \ A / 



Take 7 G (0,1] such that CY = 1/2. Then from (7.13) and the fact that S^ R (f) < 
Sp R (f) pointwise, we deduce that, for all A G (0,oo), 

(fix, — - — - I dx < [ (fix, — ^ — - ) dx < f ip ( x, ^MZK^l^ 



A 

By the Fatou lemma and letting e — > and i? — > 00, we know that, for all A G (0, 00), 

which implies that ||Sp(/)||i,¥>(]Rn) < \\J\fp(f)\\L<p(R n ) an d hence completes the proof of 
Proposition 7.6. □ 

To prove Theorem 7.4, we need the following Moser type local boundedness estimate 
from [51, Lemma 8.4]. 

Lemma 7.9. Let u be a weak solution of Lu := Lu — d^u = in the ball B(Yq, 2r) C 
Then for all p G (0, 00), there exists a positive constant C(n,p), depending on n and p, 
such that ^ 

sup \ u (Y)\<C(n,p)\^- [ \ U (YWdY\ . 

Y€B(Y ,r) [ r + JB(Y ,2r) J 

Now we prove Theorem 7.4 by using Theorem 7.2, Lemma 7.9 and Proposition 7.6. 
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Proof of Theorem 7.4- The proof of Theorem 7.4 is divided into the following six steps. 

Step 1. i^ >L (R n ) n L 2 (R n ) C H ViAfh (R n ) n L 2 (R n ). Let M be as in Theorem 7.2. 
By Theorem 7.2, we know that H^ L (R n ) n L 2 (M n ) = fl$f at (R n ) n L 2 (R n ) with equivalent 
quasi-norms. Thus, we only need to prove fl£f at (R n ) n L 2 (M n ) C ^ iA rjM n ) n L 2 (R n ). 
To this end, similar to the proof of (4.5), it suffices to show that, for any A G C and 
(if, M)-atom a with suppa C B := B(xB,rs), 



! 



<p(x,N h {\a){x)) dx<ip (b, |A|||xb|| L v(r»)) 



From the L 2 (IR ra )-boundedness of Mh and (2.5), similar to the proof of (4.5), it follows 
that the above estimate holds true. We omit the details here. 

Step 2. H Vi tf h (R n ) n L 2 (R n ) C H^ nh (R n ) n L 2 (R n ), which is deduced from the fact 
that, for all / G L 2 (M n ) and x G E n , K h (f){x) < M h {f){x). 

Step 3. H Vt n h (R n ) n L 2 (M n ) C ^^(R") n L 2 (R n ). By the subordination formula 
associated with L, 



-Wl _ 



1 



e-^e^u-^du 



with i G (0,oo) (see, for example, [8]), we know that, for all / G L 2 (R n ) and x G 



K P (f)(x) < sup 

te(o,oo) Jo 



e~^ L {f){x) 



du<K h {f){x) 



u 



du<K h (f)(x), 



which implies that, for all / G H^-r^MP) n L 2 



^,Kp(K") 



< 



H„, Wh (R")- From 



this and the arbitrariness of/, we deduce that H^R^R^nL 2 ^ 71 ) C # Vi rc p (R n )nL 2 (R n ). 



Step 4. 



nL 2 



mL 2 



). For all / G L 



x G 



and 



t G (0,oo), let u(x,t) := e~* Ll/2 (/)(:r). Then Lu = Lu - d^u = in R™ +1 . Let x G R n 
and t G (0, oo). Then by Lemma 7.9, we know that, for any 7 G (0, 1) and y G Q(x,t/4), 



,-tVL 



(f)(y) 



7 < 1 



t n+l 



3t/2 



t/2 



/ 


e- sVZ (f){z) 


>Q(x,t/2) 





dz ds 



< 



1 / i^p(/)(z)r^<M([^ P (/)n(x), 



which implies that, for all / G L 2 (R n ) and i£R™, 

(7.14) My\f){x) < {M ([n P (f)V) (x)} 1 ^ . 

Let go £ ((/(v 3 )) P2 G (0, i(<p)) and 70 G (0, 1) such that 70(70 < P2- Then we know that 
if is of uniformly lower type P2 and ip G Ag (R ra ). For any a G (0, 00) and g G Lj° (R n ), 
let g = gX{xm n -. |s(x)|<a} + 9X{xeR": |<?(x)|>a} = : 9i +92- Then from Lemma 2.8(vi), we 
infer that, for all t G (0,oo), 



{xeM n : M{g){x)>2a} 



if(x, t) dx 
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<[ <p{x,t)dx< 4r / [M(g 2 )(x)] go ^(x,t)dx 

J{xeR n : M(g 2 )(x)>a} « yu JR" 

<-!-/ \g 2 (x)\ qo ip(x,t)dx~ _L [ \g(x)\«><p(x,t)dx, 

aq ° JR" « 90 J{xm™: |g(x)|>a} 

which implies that, for all a G (0, oo), 

(7.15) / <p(x,t)dx 

J{xeR n -. [M([7e P (/)]To)( :r )] 1 /To> Q } 

^-^7 / ™ ^p(/)(x)]^>(x,t)dx 



a 70<7 ° ./{xeR": [ttp(/)(x)]T0>2Z°} 

£ ^p(/),t (^) + / „ 7ogo^°* ) -V 7 , p(/)it ( s ) ds, 



2 1 /T0 



here and in what follows, cr^ p(/)i t (a) := / {;reK „ : ^ p(/) (^ >q} (p(x,t)dx. From this, (7.14), 
the uniformly upper type p\ and lower type p 2 properties of if and 70(70 < P2, it follows 
that 



/ <p(x,Afi/\f)(xj) dx 

JRn \ / 

[ ^(x,[M{[K P {fW»){x)] lha ) dx 

/ / 

JR n JO 



< 



{A4([^(/)]-o)(,) } iM, , } 
< / — - — dtdx 

' 1 - / y>(x, i) dx (it 

t J{x£R n : [X([7e P (/)]T0)(x)] 1 /7o >t } 

(£>(x, t) dx dt 



< 



t J{xeR™-. Rp(/)(*)>^} 



/•oo r p2 1 /to s ^ 1 

~ J ^p(/) + y o Togos 7090-1 < y o ^+r°'wp(/),t(s) * I d« 

< J^(/) +^°°7o9os Wo - 1 (T 7 e p(/)it ( s ) v3 (x,2 1 ^ s) jjf 

< J^(/) + fw^.W^ ( / 

Jo (2^os)P 2 l/° 

Wp(/)+ r I ^lds~ I V {x,HpU){x)) dx, 

JO J{x£R n : V, P {f){x)>s} s JR n 



2V70. 



P2 1 

-r dt > ds 

£7090+1 \ 



2V70S 



where 



J ^p(/) : = / / ——dxdt, 

10 J{x£R n : 1Z P (f){x)>t} 1 



60 



Dachun Yang and Sibei Yang 



which, together the fact that, for all A G (0, oo), Mp /4 (f/X) = Mp fi (f)/X and K P (f/\) = 
Hp(f)/\, implies that, for all A G (0, oo), 

A/J /4 (/)(x 



/ 



if X, 



A 



dx < 



if x, 



K P {f){x) 
A 



dx. 



From this, we further deduce that 



(7.16) 



< 4 (/) 



< 



\\K P (f)\\ 



Lv{X) ■ 



(7.17) 



Lv(X) 

To end the proof of this step, we claim that, for all g G L 2 ( 



LV{X) 



\Wp{9)\\ 



Then by (7.16) and (7.17), we conclude that ||.A/p(/)|| ^ H^pC/OHl^*)- From this 
and the arbitrariness of /, we deduce that H Vj n p (R n ) n L 2 (R n ) C i^ iA /- p (R n ) n L 2 (R n ). 

Now we show (7.17). We borrow some ideas from [41, p. 166, Lemma 1]. By the change 
of variables, it suffices to prove that 

(7.18) / <p(x,Mjf(f)(x)) dx< [ <p(x,Af P (f)(x))dx, 

where N is a positive constant with N G (l,oo). For any a G (0, oo), let 

E a := {x£R n : M P (f)(x) > a} and E* a := {x G R n : M( X E a )(x) > C/N n }, 

where C G (0,1) is a positive constant. By (p G A OQ (R n ), we know that there exists 
P £ (9( ( / 3 )) °°) suc fi that ip G A p (IR n ). From this and Lemma 2.8(vi), it follows that, for all 
t G [0,oo), 



(7.19) 



/ <p(x,t) 

JE* 



dx< 



(p(x, t) dx. 



Moreover, we claim that Afp (f)(x) < a for all x E* a . Indeed, fix any given (y,t) G 
1 x (0, oo) satisfying \y — x\ < Nt. Then B(y,t) <jt E a . If this is not true, then 



M( X E a )(x) > 



\B(y,t)\ 1 C 
\B(y,Nt)\ N n N n 



This gives a contradiction with x E^, and hence the claim holds true. From the claim, 
we deduce that there exists z G B(y,t) such that Np{f){z) < a, which implies that 
\e~ t ^(f)(y)\ < J\fp(f)(z) < a. By this and the choice of (y,t), we conclude that, for all 
x G" Mp (f)(x) < q, which, together with Lemma 2.6(ii), Fubini's theorem and (7.19), 
implies that 



/ ip{x,Mp(f)(x)) dx 



A/"# (/)(*) 



<p(x,t) 



dt dx 
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/•OO f 

J{x<=R n 



ip{x,t) 



dx dt < 



< 



^(/)W>'} 



ip{x,t) 



dx dt 



t 



■ dx dt 



(p(x,M P (f)(x)) dx. 



Thus, the claim (7.18) holds true. 

Step 5. H^ p (R n ) n L 2 {R n ) C i^,s p (R n ) n L 2 ( 
Proposition 7.6. 

Step 6. H^s P {^ n ) n L 2 {R n ) C H^ L (R n ) n 
Theorem 7.2. 



This is just the conclusion of 
This is directly deduced from 



From Steps 1 though 6, we deduce that 



H^ L {R n ) n L 2 (R n )=H^ h {R n ) n i 2 (M n ) =H^ nh {R n ) n L 2 (K n ) 

=ff Vl R P (R B ) n L 2 0R n ) = i^ iA r P (IR n ) n L 2 (R n ) = ^ ;5p (M n ) n L 2 (K n ) 



n L 2 ( 



) 



with equivalent quasi-norms, which, together with the fact that H <Pt i J ( 
H^ Xh (R n ) n L 2 (R n ), H^ nh (R n ) n L 2 (R n ), H^ p (R n ) n L 2 (M"), i^,A^ n ) n L 2 (M" 
and fl- ViSp (M n ) nL 2 (l n ) are, respectively, dense in H^UR 11 ), H v ^ h (R n ), H^n h {R n ), 
H V) Ti P {R n ), H lf , t j\f p (M. n ) and i? v , i 5 p (lR n ), and a density argument, then implies that the 
spaces H VtL (R n ), H^ Xh (R n ), H^ h (R n ), H^ p (R n ), H^ Xp (R n ) and ^,s P (K n ) coin- 
cide with equivalent quasi-norms, which completes the proof of Theorem 7.4. □ 

Now we consider the boundedness of the Riesz transform VL -1 / 2 associated with L. 
By the functional calculus of L, we know that, for all / G L 2 (R n ), 



(7.20) 



VL-V2/ 



Ve- 



It is well known that VL" 1 / 2 is bounded on L 2 (R n ) (see, for example, [51, (8.20)]). To 
establish the main results in this subsection about the boundedness of the Riesz transform 
VL -1 / 2 on iJ^^M"), we need the following conclusion, which is just [51, Lemma 8.5] (see 
also [57, Lemma 6.2]). 

Lemma 7.10. There exist two positive constants C and c such that, for all closed sets E 
and F in R n and f G L 2 (E), 



tVe~ t2L f 



L 2 (F) 



[dist (E,F)f 

IT 2 



L*(E)- 



Theorem 7.11. Let (p and L be as in Theorem 7.2. Then the Riesz transform VL l l 2 is 
bounded from H^, L (R n ) to L^(R n ). 

Proof. First let / G H^ L (R n )nL 2 (R n ) and M G N with M > 2[2g2-±] + ±, where n, q((p) 
and i(ip) are, respectively, as in (2.2), (2.12) and (2.11). Then there exist p2 G (0, and 
Q.0 £ (<?(¥>)> °°) such that M > §(^ — 2) + 2' V ^ s uniformly lower type P2 and ip G A 5o (lR n ). 
Moreover, by Proposition 4.7, we know that there exist {Xj}j C C and a sequence {ctj}j of 
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(<p, M)-atoms such that / = Ylj x j a j m L (R n ) and L (R n ) 
together with the L 2 (M n )-boundedness of VL -1 / 2 , implies that 



which, 



ip, at V 



(7.21) 



in L 2 (R n ). 

To finish the proof of Theorem 7.11, it suffices to show that, for any A G C and (p, M)- 
atom a supported in B := B(xb,tb), 

(7.22) J p (x, VL~ l l 2 (a)(x)) dx < p (b, |A| \\xb\\1\ x) ) • 

If (7.22) holds true, then it follows, from this and (7.21), that 

L ^ ( x ' VL_1/2 ^)( x )) dx ~ E v \ x Mx Bj \\ll {x) ) , 



where, for each j, suppaj C Bj. By this and H/Hf/^ ^(R™) ~ ll/llif M t (R n )> we conclude that 
||VL- 1 /2(/)|| Lv(Rn) < ||/||^ i(Kn) , which, together with the fact that H^ L (R n ) n L 2 (R n ) 
is dense in H ip ^(W l ) and a density argument, implies that VL -1 / 2 is bounded from 
H VtL (R n ) to L^(R n ). 

Now we prove (7.22). By the definition of a, we know that there exists b G V(L M ) such 
that a = L M 6 and (ii) and (iii) of Definition 4.3 hold true. First we see that 

„ oo „ oo 

(7.23) / p fx,AVL- 1 / 2 (a)(x)) dx = V / p (x, AVL _1 / 2 (a)(x)) =: V I,-. 



3=0 



3=0 



From the assumption p G M2/[2-/(ip)] (^ n ) 5 Lemma 2.8(iv) and the definition of 1(f), 
we infer that, there exists p\ G [/(<£>), 1] such that p> is of uniformly upper type p\ and 
99 G MM 2 /^2~ P1 )0^ n )- When j G {0, • • • , 4}, by the uniformly upper type p\ property of p, 
Holder's inequality, the L 2 (R n )-boundedness of VL~ 1//2 , p G MK 2 /{2-p 1 )(W l ) and Lemma 
2.8(vii), we conclude that 



(7.24) I, < j pyx, 



1 + 



\VL- l l 2 (a)(x)\\\x B \ 



Lv(X) 



Pi 



dx 



p (2>B, |A|||x B ||Z'( ffi n)) + IIxbII^^) fvL-V 2 ^) 



pi 



<f 



J2JB L v 



Xb\ 



XB|li>(]Rn) 



1 ^ 

^(R n ) J 

<<p(b, 



2 

2-Pi 



dx 



2-Pi 
2 



When j G N with j > 5, from the uniformly upper type p\ and the lower type p 2 
properties of ip, it follows that 



(7.25) Ij < \\XB\\% (Rn) ^ ^(x,\X\\\xB\\- L l (Rn) ) \VL- I l 2 (a)(x) 



pi 



dx 
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ill ||P2 



Uj(B) 



<P[X,\A\\\XB 



i-l 



VL- 1 /2( a )( 



X i 



l>2 



dx =: E,- + F,-. 



To deal with Ej and Fj, we first estimate J U (B) | VL- 1 / 2 (a)(x)| 2 dx. By (7.20), the 



dx 



change of variables and Minkowski's inequality, we see that, for each j G N with j > 5, 
VL- L ^( a )(x) " 

,2 r 2 

Ve"' L a(x) 

2 



(7.26) / VL~ l ' 2 {a){ 

JUi(B) 

So I X, 



1/2 











/ 


tVe- t2L a(x) 




JUj(B) 



dxj dt 

) ^ 2 (it 
dx > — 
I t 



+ f° { / *V(t 2 L) 



1/2 



M e-* 2i 6(x; 



da; 



dt 



Hj,i + H j)2 . 



We first estimate H^i. From Lemma 7.10, we infer that 

dt 



- -J? IMIi 2 (B) ~ 2 ~ { ~ 2M ~ l) ' J \\ a \\L^{B) 



t 



2M-1 



For Hj 5 2, by Lemma 7.10, we see that 

(2-V B ) 2 



H„2< 



exp 



< 



ct 2 



oo j(2M-l) 



dt 

L2 ( B ) J-2M+1 



dt 



(2J> B )(2Af-l) £2M+ 



rll&llL 2 ( B )<2-( 2M -^|B| 1 / 2 ||^ll^ ( 



which, together with (7.26) and (7.27), implies that, for all j G N with j > 5, 



(7.28) i / VL- 1 / 2 (a)(x) 2 1 



1/2 



< 2 -(2M-l)j,o|l/2|| ii-l 
~ z \ n \ \\XB\\ L¥ ,(Rny 



Thus, from HSlder's inequality, (7.28) and 92 G RH2 /( 2_ pi )(R n ) C MM 2/(2 _ p2) (M n ), similar 
to the proof of (6.8), we infer that 



(7.29) 



jpi [(2M-l+f)-^tt] / \ 



Similarly, by using Holder's inequality, (7.28) and ip G 

_n\_ n< ?0 



2/(2-p 2 H M i' 



we see that 



F,<2-«"<-'+5>-^4^A||kB|IZV>). 
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which, together with (7.25), (7.29) and p\ > p2, implies that, for each j £ N with j > 5, 

From this, M > § (g - 5) + 3, (7.23) and (7.24), we infer that (7.22) holds true, which 
completes the proof of Theorem 7.11. □ 

Now we recall the definition of the Musielak-Orlicz-Hardy space H (p (W n ) introduced by 
Ky [63]. 

Definition 7.12. Let ip be as in Definition 2.4. The Musielak-Orlicz-Hardy space i7 v (IR n ) 
is the space of all distributions / £ 5'(M n ) such that G(f) £ ^(W 1 ) with the quasi-norm 
ll/llff (R n ) := ll^(/)llL^(R n )) where S'(M. n ) and G(f) denote, respectively, the dual space of 
the Schwartz functions space (namely, the space of tempered distributions) and the grand 
maximal function of f. 

To state the atomic characterization of H^MP) established by Ky, we recall the notion 
of atoms introduced by Ky [63] . 

Definition 7.13. Let ip be as in Definition 2.4. 

(I) For each ball B C W 1 , the space Lfp{B) with q £ [l,oo] is defined to be the set of 
all measurable functions / on R n supported in B such that 



sup 

L%(B) '■= \ te(o,oo) 



1 



\f(x)\iip(x,t)dx 



< 00, q £ [1, 00), 



p(B,t) 

L°°{B) < 00, q = CO. 

(II) A triplet (ip, q, s) is said to be admissible, if q £ (q(p), 00] and s £ Z+ satisfies 
s > L n [f|^y ~~ 1]J- A measurable function a on M n is called a ((/?, g, s)-atom if there exists 
a ball Bel" such that 

(i) suppa C B; 

( n ) H a llz4(.B) < IIXB|li^(K«); 

(iii) J^„ a(x)x a dx = for all a 6 Z™ with |a| < s. 

(III) The atomic Musielak-Orlicz-Hardy space, H lp,q ' s (W l ), is defined to be the set of 
all / £ S'(M. n ) satisfying that / = J2j bj in S'(lR n ), where {bj}j is a sequence of multiples 
of (p, q, s)-atoms with suppfoj C Bj and Y^j v{Bj, (s^)) < 00 ■ Moreover, letting 



:= inf < 



A <E (0, 00) : 



< 1 



the quasi-norm of f £ i^' 9 ' s (]R n ) is defined by ||/||hv'«'*(R") := inf { Ag({6 J } J )}, where 
the infimum is taken over all the decompositions of / as above. 

To establish the boundedness of VL" 1 / 2 from H^ L (W l ) to H^W 1 ), we need the atomic 
characterization of the space H^(M. n ) obtained by Ky [63]. 
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Lemma 7.14. Let ip be as in Definition 2.4 and (ip, q, s) admissible. Then H lfi (W n ) = 
i/^><2> s (igm) w ^ e q U i va l en t quasi-norms. 

Now we prove that the Riesz transform VL -1 / 2 is bounded from H^^M. 71 ) to H ip (M. n ) 
by using Proposition 4.7 and Lemma 7.14. 

Theorem 7.15. Let ip be as in Definition 2.4, L as in (7.1), q(ip) and r(ip) as in (2.12) 
and (2.13), respectively. Assume that q(tp) < 2 and r(ip) > 2 -q(y) ■ Then the Riesz 
transform VL -1 / 2 is bounded from ^^(l 11 ) to H^W 1 ). 

Proof. Let / G H^, L {R n ) n L 2 (R n ) and M G N with M > § M - \\. Then there exist 

P2 G (0,i(ip)) and q^ G (q(ip), oo) such that M > §(^- — \), V 9 is uniformly lower type p 2 
and <p G A go (R n ). Moreover, by Proposition 4.7, we know that there exist {^j}j C C and 
a sequence {ayjj of (<£>, M)-atoms such that / = J2j ^j a j m L 2 (R n ) and ||/||^ L (R n ) ~ 
h m / R „\. Moreover, we know that (7.21) also holds true in this case. 



Let a be a (ip, M)-atom with suppa C B := B(xb,tb)- For k G Z+, let Xfc := Xu k (B)7 
Xk ■= \U k (B)\~ l Xk, m k := f Uk (B) VL _1 / 2 ( a )(x) da: and M fc := VL _1 / 2 ( a )xfc - m k Xk- 
Then we have 

oo oo 

(730) VL-^V) = J] M fc + ^ m k Xk- 

k=0 k=0 

For j G Z+, let iVj := X^fc^=? m fc- By an argument similar to that used in the proof of [57, 
Theorem 6.3], we know that f Rn a(x) dx = 0, which, together with (7.30), yields that 

oo oo 

(7.31) VL- 1 / 2 (a) = M k + E (Xfc+i " Xk) ■ 

k=0 k=0 

Obviously, for all k G Z + , 

(7.32) suppM fe C 2 fc+1 J B and / M fc (x) (fx = 0. 

When fc G {0, ■ ■ ■ , 4}, by Holder's inequality and the L 2 (R n )-boundedness of VL~ 1/2 , 
we conclude that 

, \ 1/2 / \ 1/2 

(7.33) \\M k \\ L 2 {Rn) < \ f {VL-Waixtfdx} +{[ \m k x k {x)\ 2 dx\ 

\Ju k {B) j \Ju k {B) j 



< ||a|| L 2 (M n) + \m k \\U k {B)\ 1/2 < ||a|| L 2 (R n) < I^I^HxBll^QRn)- 



From the Davies-Gaffney estimates (2.5) and the i^oo-functional calculi for L, similar 
to the proof of [52, Theorem 3.4], it follows that there exists K G N with K > n/4 such 
that, for all t G (0, oo), closed sets E, F in R n with dist (E, F) > and g G L 2 {R n ) with 
suppsi C E, 

v i -^ ( ,_ e -)%| i2(F) <( p _A T5F ) ,f N | L1(E) 
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and 



VL-V2 ( tLe -tL)K g 



LHF) ~ {[dist (E,F)]z) mL2 ^y 



K 



By this, we conclude that, when k G N with > 5, 



(7.34) 



VL-^a 



V(U k (B)) 



M 



L 2 (U k (B)) 
M 



k=l 

< -2feMi r|1/2||,. || — X 

£ 2 1^1 IIXB||r vf 



i 2 (f/ fc (B)) 



which, together with Holder's inequality, implies that, when fceN with k > 5, 



(7.35) 



|-Mfc||l, 2 (R") < 



i 2 (^fc(B)) 



< -2fcM| R 1 1/2 ii _ ii-l 

2 1^1 \\Xb\\t v 



2-9 
2 



Furthermore, by q(<p) < 2 and r(<p) > 2/ [2 — (?(¥>)], we know that there exists q G 
(9(99), 2) such that y> G A,(R n ) and MH 2/(2 _ 9 )(R n ). From this, Holder's inequality, (7.33) 
and (7.35), it follows that, for all k G Z + and i G (0, 00), 

(7.36) \<p(2 k+1 B,t)] 1 / |M fc (a:)|V(M)<& 

L J J2 k + 1 B 

- 

< <p(tf +1 B,t)\~ X \ I \M k {x)\ 2 dx\ \ [ [cp(x,t)]^dx 

< 2 - 2 ^|i?|f|| XB ||-^)i2 fe+1 i?ri 

which implies that 

(7-37) \\M k \\ LU2k+lB) < 2-^ M+ ^ k \\ XB \\- L l {B) . 

Then by (7.37) and (7.32), we conclude that, for each k G Z+, M k is a multiple of a 
(99, (/, 0)-atom. Moreover, from (7.35), it follows that Ylh=o ^k converges in L 2 (R n ). 

Now we estimate \\Nk+i(xk+i — Xfc)||L 2 (R n ) with k G Z+. By Holder's inequality and 
(7.34), we see that 

00 

(7.38) ||^ fc+1 (x fc+1 -x0llL2(Rn)^l^fc+i||2 fc B|-5< ^ |m,- + i||2 fc 5|-3 

j=k+i 

00 

j=k+l 
< 9 -2fcM| r>| i |U. II — X 

From this and Holder's inequality, similar to the proof of (7.37), we deduce that, for all 
k G Z+, 



(7.39) 



\N k+1 (xk+i -Xk)\\ LU 2^B) Z 2-( 2M+ f) fc || XB ||^ (B) , 
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which, together with J Rn (x k+ i{x) - Xk(x)) dx = and supp (xk+i ~ Xk) C 2 k+1 B, implies 
that, for each k G Z + , ^+1(^+1 — Xfc) is a multiple of a (ip, q, 0)-atom. Moreover, by 
(7.38), we see that Y^kLo N k+i(Xk+i ~ Xk) converges in L 2 (R n ). 

Thus, (7.31) is an atomic decomposition of VL~ l / 2 a and, further by (7.37), (7.39), the 
uniformly lower type P2 property of 92 and M > ^(^ — ^), we know that 

(7.40) Yl ^ { 2k+lB > WH^B)) + E V ( 2 * +lfi > W N k+i(Xk+i - Xfc)llL«(2*+iB)) 
< E V (2 fc+1 B,2-( 2M +5)*|| Xfl || Z i (RB) ) < £ 2 -(2M +f)P22 ^o < L 

Replacing a by ay, consequently, we then denote M k , iVfc and Xk in (7.31), respectively, 
by Mj^k, Nj^k and Xj,fc- Similar to (7.31), we know that 

00 00 

j fe=0 j fc=0 

where, for each j and fc, M^j. and Nj jk+ i(xj, fc+i ~~ X?,fc) are multiples of (<£>, (7, 0)-atoms 
and the both summations hold true in L 2 (R n ), and hence in S'(W l ). Moreover, from (7.40) 
with B, M k , N k+1 (xk+i ~ Xk) replaced by Bj, M jyk , N jyk+1 (xj, k +i ~ Xj,k), respectively, 
we deduce that 

A <? {{ M i,k}j,k) + A 9 {{Nj, k+i(Xj, k+i ~ Xj,k)}j,k) < A {{Xjajjj) < \\f\\ Hv , L (^) ■ 

From this and Lemma 7.14, we deduce that || VL -1 / 2 /H.h ¥ ,(R") < ||/||# L (Rn\, which, 
together with the fact that H iPy L(R n ) n L 2 (IR ra ) is dense in H^^iW 1 ) and a density argu- 
ment, implies that VL -1 / 2 is bounded from H^^iW 1 ) to i^(IR ra ). This finishes the proof 
of Theorem 7.15. □ 

Remark 7.16. (i) Theorem 7.15 completely covers [51, Theorem 8.6] by taking tp(x, t) := t 
for all x G W l and t G [0,oo). 

(ii) Theorem 7.11 completely covers [57, Theorem 6.2] by taking ip as in (1.2) with 
lj = 1 and <1? concave, and Theorem 7.15 completely covers [57, Theorem 6.3] by taking ip 
as in (1.2) with oj = 1, $ concave and p$ G (^j, 1], where p$ is as in (2.8). 

Acknowledgements. The authors would like to express their deep thanks to the 
referees for their careful reading and many valuable remarks which made this article more 
readable. 
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